












3. oB : I u {b0 }, where bo ( B,with the q-ordering

b E V  i f f  6 = D o  o r  D t r d i n 8 .

'  Proposl t loD.

ll Bt, Bzt B are kitg then 8s I Bz, 8t @ Bz, @B are kitg.

'  D (B t@Bz) : {X r  x  Xz lX l . eD (B t ) t LX2eD(B t l l

D(B,eae)  :  { {1}  x  x  I  x  e  D(Br) }  u  { {2}  x  X l  Xe D(Bzl l
D(oB)  - {0}  u  {  {Do}  ux I  xe D(a) }

The union and product defrned above are ocoalescentt. When thig is hconvetrient we

may use (oal) I (oft) and (oar) e (o&).

It is easy to show that the operations @, (E, O are coatiauous ia an appropriate

lattice (with q-ordered sete as elements) ordered by pointwise inclusioa as followg:

(Br, f t) c (B2,Ez\ iff 81 C 82 Ez Er c fr .

Exanples. The continuity ol thege operations allows aolving kit equations. This is

illustrated by some examples. Within the exa^mples we use the simplified version of e for

disjoint sets. lI BtnB2:0, we define 8r(EBz aa B1vBz with an appropriate q-ordering.

We treat the cartesian product as associative and write (4,0,c) instead of ((arD),c) etc.

it may be checked that equation solutioae in the examples are kits. Thig fact followe also

from propositions in the paragraph 5 where kit equation solving is discussed.

E x .  l .  X  -  B e  ( B @ X )

We are looking for the least fixed point (I.f.p.) of the function f , f(X) = A O (A A X).

F'(0): Ul=, At with the q-ordering

( b r , . . . , 0 r )  E  ( 0 i , . . . , 0 , )  i f r  I c= l&  D ;  t r 0 !  f o r  d=  1 , . . . , f t .

Thus the l.f.p. is X : Ur B' witb this q-ordering. D(X) 
'tB a domain of 6nite Bequerces

over  D(B)  because i lV eD(X)  theu (3, t3V1, . . . ,Vx€D(B))V =% x " 'xV* .

8x.2.  X = B@@X.

. W" are looking for l.f.p. of f where .F(X) : .B e OX.

F'^(0): [Ji, Adx{0} (where 0 f A) with the q-ordering

.  ( 0 1 , . . . , 0 1 , 0 )  E ( 0 i ' " . ' D r ' 0 )  i f f  t S l a n d 0 ; E D t f o r i = I , . . . , r t .



Thus the solution is X = UiEi x {0} with this q-ordering. D(X) is a domain of finite

and infrnite sequences over D(B): il V e D(Xl then either (1kJV1,. - - ,Vp e D(B)I V =

\  x . . .  x  V 1  x  { o }  o r  ( 3 V 1 , V 2 , . . .  e D ( B ) ) V : U * %  x  " ' x  f r  x  { 0 } .

E. FUNCTIONAL TrITS

To define O we iutroduce some additional notions. We will use signs E and u in

new contextg. We will write nD1 Ll D2 C c' instead of "(3d € Dr Ubz) d E c", etc. We

will also write '(01 U D2) u D3o inetead of 'd LJ 63 where d € Dr U D2', etc. We define

D r  u . . .  L l  b o  =  { b  €  B  l \ , . . . , b ,  t r  D  &  ( V c ) ( D 1 ' . . . , D '  E  c  = l  D  E  c )  } .

Of courre, b1 Ll . . .1- lD1 : ( . . .  (Dr u D2) U .. .)  U Do. For 0r,. . . ,  Do being elements of akit ,

brr... rb,. are consigtent iff Dl U .. . U DD i8 nonempty.

The argument eet of a function / will be denoted by arg/. Finite functiong will be

called mappings. The aet of all mappings from B to C will be denc'ied B E C. The

notation we use for mappings ig that of the Vienna Development Method'

Defhllltlo!. A mapping m:B I C ls correct provided that it givee coneistent results

for consistent arguments:

(VnVD1,.. . ,D," e argm)(61,.. . ,6o are consistent + m(b1),. . . ,m(0') are consistent) '

Def lnltlotr (of the q-ordering for correct mappings). I.r.lt Bp be kits, m,m'z B \ C

be correct mappings. m C- mt itr

(VD e argmx3n 3 b1, . .  . ,  Do € argm')(D f 6r ' . . . ,  Dtr tz m(b\ |  m'(01) u . . .  u r l l ' (6' !))

(intuitively: m' gives gteater results for leseer arguments).

Proposltiotr. The above defined E is a q-ordering and the following holds for errery

conect m,mt:8 9 C.

l .  m e  m '  : +  m C m '

2 .  (Vbe argm)(6€argm'e ,mp)Em' (b) )  = '  mcm'

3. (VD e argm 30' e argm')(D = b' EL m(b) E m'(D')) + mE n!

3'.  bJU Er cCct + [D'-rcl  E [D' '+c'1, where D,D' e B, c,C eC

1. D g Dr u b2 tz c ec!L)c2 Er m1 : [D1r+c1,02*c2l & mz =mr U [Dr-rcl

='=9 [[r--16] EmtEmtEmr, where D,Dr,br are distinct elemeuts ol B, crclrc2€C. .



Detlnltlou (of functional kit). Let 8, C be kita.

B e C -- { m: B 5 C I m ia nouempty and correct }

with the q-ordering as above.

Propos i t toa .  8eC ig  ak i t .

To prove thia , the nonemptiness of the join of every two congisteDt mrrmz e B e C

must be ehown. Let mLrmzEm, argmi -X; for i - lt2. Let us define

( ^ r Q )  f o r D e X r \ X 2
(m1@mr)(D)  -  {  rn3(6)  for  be X2\Xl

I c for D < Xl ft X2, where c e m1(D) u ,n2(b).

Now we can prove that such c e:<ist (for every D € Xl n X2), that my€'m2 is a correct

mapping and that rnl@m3 f m. This implies m1@mz € mr Um2. We omit details of

the proof,

Now we establish the connection between continuous functions from D(A) t'o D(Cl

ande lemen ts  o l  D (BeC) .Le r  XeD(B ) ,A  eD@eC) .

Def luitioa (of functional application).

UX - {c€ c |  (36 € Xtme u) c f  n(D)} .

Propoeltion (which may be treated as an alternative defnition of the functional appli-

cation).

UX : {c€ c | (3D e X) [D'+cl e U].

Pll!oposlt lon. Let m€ B eC,

( ! m ) X :  { c  e  C  |  ( 3 n 3 b 1 , . . . , b ' '  e  X n a r g m )  c  E  m ( D s )  u . . . u m ( 0 ' . ) } .

Propositloa. (IX e D(C) and the function ̂ X.UX from D(B) to D(C) defined by U

is strict and continuous.

PropoBl t lo l .  ta t  U ,V eD(BeC) .

U cV ifr UX gVX for every X e D(B)

(the ordering in D(B e C) is the sarne aa the usual ordering in a functional domain).



Propoeltlon. I*t fzD(B) -' D(C) be a stdct and continuous function' Let

I(I) - {n e B e c | (vD e argm) m(D) € t(lD) }.
Then

I ( f )  e D(Bec) and (t(/))x = l(x).

Proposltlon. Let U,V e D(B e C), U + V. Then the functions defined by U nd V

are difierent (there exists D e B euch that U(!b) *V(lb) ).

coNcLUsION. To every strict a,nd continuoug function from D(a) ro D(C) there corre-

sponds exactly one elemeut ol D(B e d) (and vice versa).

The exclusion of nonstrict functions is insignificant because every function f:D(B) ''

D(C) has a corresponding etrict function l':D(OB) -' D(C), /'(Xu {Ds }) = /(X) for

e v e r y X e D ( B ) Q o e B ) .

Co@eDt. The need to obtain this one-to-one correspondence led us to q-orderings (in-

stead of orderings) and to the presented form of f for mappings. If E had not had the

properties 3 and 4 there might have existed many ideals deflning the same function.

4!. GENERATION OF FUNCTION.AL DOMAIN ELEMENTS

Elements of a functional domain are often "big' eets. In thie eection we ehow how these

sets and their associated functions can be uniquely determined by their ssmall" eubsets. We

define three generating operations. For their arguments we present the conditions which

guarantee obtaining functional domain elements as results. We also ghow how to define

the functional application in terms of these (smallo subsets. The gection is completed by

some examples.

Let B,  C be k i ts ,  W c { lbv+cl lbe B EL ceCr.

Deflal t lon.

GO(W) :  {  [ 61 ' * c1 ,  .  .  .  ,  D , ' r - r c , " ]  l [D ; r - r c ; ]  e  W lo r  d :1 , . . . , n ] .

Proposltlon. C0(n/) € D(B eC) ifr

l. [D'*'c'l tr [D"c] eW + lb'ac'leW
2. [D'.c11, [D'-c2] eW * c1,c2 are consistent & [6*.cl €91/ lor z ceqLJct.



Definlt lon.

cr(W) - G0({ [0'"c'l | (3 [D*'c] € tf) [D"'c'l f [Oucl ]).

'  Propo6lt1or. CI(W) e D(B e C) ifr

tD1r- 'c1] , lb2r-c2 l€W Et \ ,b2 areconsis tent  +  ( lDf  b1 U02,3c lc1 uc2) lbnc leW.

propos!.tlon. Let X E D(B), Gl(W) e D(B eC). Then

(cr(w))X : {c' | (3 [Dr--cl € W) b e X & c' E c].

Def lD l t lo ! .

Cz(W)  -  G0( {  [b r+c ]  |  (3n3[01"c1 ] , . . . , [D , , *co ]  €Hr )  [D* .c ]  t r  [D1r - rc1 , . . . , [ " *c ' l  ] ) .

Propostt lon. Cz(W) e D(B e C) i tr

l .  [D;r+c;] € lV for i  :  l ,  . . . ,  n Ez b1r.. . , ,bo are consistent

+ ctt... rc'- are consistent,

2. lb,--cl,[D'-c'] e W +
(3n 3 [61'-c1 ], . .., [Do*c,nl e ]1l) [D*'c], [Or--rC] E [b1 r-rc1, . . ., bo*c'nl.

proposlt lon. Let X € D(B), G2(W) e D(B e d). Then

(GL (W) )X  -  { c  l ( l n l l b r?c r l , . . . , [ b ' , r . c ' . l  eW)  b r , . . . , b ' .  €  X  t z  cE  c1  u . . . uc6 ] .

EranpleE.

l . Let A,B be kits, U - {[(l,a)r+a�' l l o,at e A & o'tr c]. Then Go(U) €
D(A@Be r) ,  (co(U))({ t }xx)  -  X for  x e D(A) and (co(u))({21 xY) -  0 for
Y e D(B). So G0(U) ia a projection operatiou from D(/eA) into 2(,{).

2. Let B,C be kits and

appl r :  c1({  [ ( [D*rc l ,D)r -+c l lD e B,ceCl) .

Then apply € r((Ae q @ A e C) and

apply(tr x U) - {C | (3[6*'cl eV) b e X tz C E cl :VX.

3. Lr't A,B,C be kits ard

curtT = G2({ [[(c, D)'-.cl'-r [o-r[Dr+clll I o e A,b e B, c € C | .

It may be checked that cun';y € t((t{8 BeC)e Ae Be C) and that

crttaV TU : V (T x U) Ior V e D(A I B a C), T e D (A), A e D@).



1 .L r : t  A  bek i t ,  E=O. r l , 0e8 \ . 4 '

f - {[mr+z] | (3n3r1,. ..rr e B) xo: u E 1n = l0t-,.a1r x1t"+2,2r. . . rxa-1*+xn|

& m is correct ).
Let ffx - c1(4 and U € D(B e B). It may be checked that 8:r e D((Ee A) e B),

U(flxf)- fxU and ll X e D(B), X I 0 and A X g X tben 0x[I C X. So f:c givee the

least fixpoint for a given continuous function from D(/) to D(A) (because the function

may be nonstrict, it is represented by the corresponding function from 2(A) to D(B)).

6. KIT EQUATTONS INVOLVING e

The operation O is not moaotonic with respect to its first argummt in a eet of Lits

ordered by pointwise inclusion (because nonconsistent elements of I may be consistent

in B' ) B; in consequeuce a mapping nray be correct when treated as from B and not

correct when treated as from 8'). We iutroduce a new ordering I for kitg to make all

the four kit operations continuous with respect to every argument.

Def lDit lol .  Let X - (X, E) ,  Y - (f '  E) be kits.

x < Y i f f
L  X e Y  & E c E ,
2 .  ( V c , D e X )  o u b c a u b  &  ( o u b { 0  +  s u b + O )
(where u is the join in X and i is the join in Y).

Note. Condition 2 above implies that if c1,...rc'r are consistent in Y then they are

consistent in X.

Lema. Let I(r { X2 { ... , where Xi = (Xt,E;) ia a q-ordered eet for i = 1,2,...t

and let Ui be the joiu in )Q and u be the join in [.,]; )Q : (Ui X,.' Ui Ci). Then c u 6 =

U>*(nUi D) for every a,b € l-f;X;, where & is such that a,b E X1, If Xi ig a kit for

i  =  1 ,2 , . . .  then  [J ;X ;  i s  a  k i t .

Propoalt lotr.  Let A be a get of ki ts and let X1,X2,.. .  € A, Ur. Xd € A. With the

assumptions of the previoua lemma

!:c: lJx'
d d

(where ! ie l.u.b. in (A,<)).

l0



we omit the proof. Flom the proposition it followa that a function continuous w.r.t.
e and monotone w.r.t. { is also continuoug w.r.t. J.

Propoeltloa. The operationa @, I, O, g are continuous in wery (A, {) where A, a
aet of kite, is cloged uuder these operations and under set theor€tical unionr of increasing
chains.

Existence of such (A, <) that a contains a given eet of ba€ic kitg followg from axioms
of set theory (see the discussion ol similar problem in [BTl). Ae one of the basic kits we may
assume (0, 0) , thus obtaining (A, <) which is a c.p.o. of kite. The formula for equation
solving in such c.p.o. is the same as in the lattice of q-ordered getg. NamelS in both cases
the l.f.p. of a continuoue function f (with arguments and resultg being kits) i8 l)tnp,Or.

Renark. of course, the previous examples of kit equation solving remain valid in a c.p.o.
of kits ordered by <. It ig worth mentioning that we eolve kit equations not only up to
isomorphism.

Eranl le,

Consider the equation P : OP O T, where ? ie a kit. As in the previous examples:
r (0 )_ {o }e "
F 2 ( 0 ) : o ( { o } e " ) e f

r'3(0) _ o(o({o} e r) er) er

F"(0)  -  o( . . .  o  ( {o}er)  e. . .  r )  e r

with the usual ordering for correct mappings. ru" r.lJI" p : U, f,"(0).
A comment: Assuming that T - S e .9, where (S,:) is the kit of atates, D (p) mzy

be considered as a eemantic domain for proceduree with one procedural paraneter. Let
a e D@) and let [O'-.[s''s']l e u. Thig means that execution of the procedure u begun
at state {s} ends at {s'} no matter what the parameter is (the parameter procedure is not
called during the execution). An interpretation of [pr--+[sr-+s,]l e [r ia that the procedue
U called at the state {s} with a parameter I/ 3 p ends at state {sr}.

Now we constnrct an interesting element of p. I*t t1,t2r... €T, t; tr l;a1 and t; I
t ; . ' 1  fo r  i :1 ,2 , . . .  t  p r :0 ,  p ;=  [p i - rHt ; -1 l  fo r  d=  2r8 , . . . ,  m i  =  [p r * l r r . , . rp ; * l r . l
for d= 1,2,.. .  .  Then, for every i :1,2,. . .  ,  mi is correct, m;E m;a1 aDd mi 7 m;+t

l l



(because t;+t Vtr u... u t;). Then l-frlm; ie an element oI D (P) and is not an element

of any D(f"(0)).

End of the eranple
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