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ABSTRACT: Completeness of  Lhe inducLiwe asserL ion meLhod for
l o g i c  p r o g r a m s  i s  s h o w n  u n d e r  a n  a s s u m p l i o n  L h a t  t h e  a s s e r t i o n
meLalanguage of  the meLhod is  express i r re enougfr .

The inducl ive asser t ion meLhod ( IAID for  Iogrc programs was
inLroduced j .n  tDMl l .  t  DICaI  ,  tDM3l  are improved and updaLed
vers ions ( ) f  Lhe in iL ia l  neporL.  Tt rese papers do not  d iscuss Lhe
compLeteness of  Lh€.  method.  In  th is  paper  a k ind of  r€faLive
compl  eLeness is  shown.
IAM is  complete prov ided Lha!  Lhe mela language of  asserL ions is
e ) < p r e s s i v e  e n o u g h .  A  s u f f i c i e n L  c o n d i L i o n  f o r  ! h i . s  i s  t h a l  a n y
r e c u r s j - v e l y  e n u m e r a b l e  s e L  ( r e l a l i o n )  c a n  b e  d e s c r i b e d  b y  a
precondi t ion CposLcondiL ion)  in  L l - r is  language.  The e)<pressive
power of  Lhe Ianguage depends on Lhe seL of  predicaLes and
f u n c t i o n s  u s e d .

B e I o w  w e  u s e  t t r e  d e f i n i L i o n s  o f  t  D M 3 l  C o r  t D M l I ,  t D M z l ) .  T h e
present .a l ion is  in formal  ,  as the rneta language of  asser l ions of  IAM
i s noL def i ned f or ma.L L v.

I A M  i s  a  m e L h o d  o f  p r o v i n g  ( p a r L i a l )  c o F r e c L n e s s  o f  a s s e r  t  e d  l o g i c
p r o g r a m s .  I f  l h e  v e r i f i c a l i o n  c o n d l l i o n  C V C )  o f  t h e  m e L h o d
(  T h e o r  e m  4 . 3  o f  t  D M 3 l )  i s  s a l l s f i e d  t h e n  t h e  p r o g r a m  i s  c o r r e c L .
V C  i s  e x p r e s s e d  i n  s e m a n t i c  L e r m s .  I L  r e f e r s  L o  L h e  f a c L s  L r u e  i n
a f ixed in lerpreLat ion domain.  Tt re domain is  LhaL of  Lerms wi th
r e l a t i o n s  o f  e q u a l i ! y ,  s u b t e r m  e t c  a n d  f u n c L i o n s  o f  L e r m
c o n s L r u c t i o n ,  t e r m  s e l e c t i o n  e L c .  A s  n a t u r a l  n u m b e r  a r i L t r m e t i c s
c a n  b e  m o d e l l e d  i n  t h i s  d o m a i n ,  L h e r e  d o e s  n o L  e x i s t  a  f i n i t e  s e t
of  ax ioms and ru les of  in ference that  make E'oss ib le der iw. inq a l l
(and onl  y)  these fac ls .

The quest ion of  comp.LeLeness concerns the scope of  appl icabi l i ty
of  Lhe method (under  which c i rcumstances . !L  can be succesfu l ly
a p p l i e d )  t A p t  p .  4 3 7 ,  e . 7  p a r . 1 l .  T h e  n o t i o n  o f  c o m p l e L e n e s s  o f  a
proof  method refers to  the abi l i ty  of  Lhe method to prove any fact
which is  express ib le in  the language of  the meLhod prov ided the
facL is  t rue in  lhe c l .ass of  i  nLer  pr  eta! . i  ons under  considerat ion.
Of  course l t  ls  not  Lhe case lhat  any correct  asser led program
saLisf ies VC. Thus noL every correct  asserLed program can be
proven correct  us ing the melhod.



Exampf  e  o f  such progra .m:

<  -  p C X ) ,  q C X ) .

p  :  p re  t rue ;  pos t  t rue
q  :  p r e  9 ! = 7 ;  p o s L  t r u e

Obv ious ly ,  lhe  wer i f i ca t i c rn  c r :nd l t ion  does  no !  ho ld  fo r  the  goa l
c lause due Lo  a  Loo weak posLcond j .  l i .on  fo r  p .  Chang ing  lhe
t ros tcond i l ion  fo r  p  to  p i  =7  we ab t -a in  an  asser ted  program thaL can

be proven conrec t  us ing  I  A .M.

L e t  u s  i n l r o d u c e  s o m e  d e f 1 n i L i o n s .  A n  a s s e r t i o n  p  :  p r e  E ;  p o s t  F
r s  - s t r c r n 6 ' e r  t h a n  p  :  p r e  E r ;  p o s t  F ,  i f f  E  i r n p l  i e s  E 1  a n d  F

i m t r I i e s  F ,  C i n  t . h e  f i x e d  i n L e r p r e L a L i o n  o f  f u n c t o r s  a n d  p r e d i c a t e

s y m b o l s  o f  L h e  m e t . a l  a n g u a g e  o f  a s s e r L i < : r l s  a s  d e s c r i b e d  1 n  t D M 3 l ,
s e c t i  o n  a )  .

A  s e t  A  o f  a s s e r t i o n s  i s  s l r o n g e r  L h a n  a  s e t  B  o f  a s s e r l i o n s
i f  C 1 )  L h e  a s s e n ! i o n s  i n  A  C B )  a r e  f o r  d i s ! i n c t  p r e d i c a L e
symbo-I s and C 2) f or ever- y asser li on t2 : pre E, I post F, of B

l h e r e  e x i s L s  a n  a s s e r L i o n  p  :  p r e  E ;  p o s t  F  o f  A  s u c h  L h a L
p :  p r e  E ;  p o s t  F  i s  s l r o n g e r  L h a n  p :  p r e  E . ;  p o s t  F 1 .

N o w ,  I A M  i s  c o m p l e t e  i n  t h e  f o l l o w i n g  s e n s e  p r o v i d e d  t h a !  t h e
metalanguage of  asser l ions j -s  express iwe enough:

PROPOSI TI ON
Let  PUB be a correc l  asserLed pn<>gram where P is  a set .  o f  c lauses
a n d  B  a  s e t  o f  a s s e r t i o n s .  T h e n  L h e r e  e x i s t s  a  s e L  o f  a s s e r L i o n s  . d
st ronger  Lhan B suchr  that  PrJd sat j -s f j .es Lhe ver j . f icaLion condiL ion
o f  I A M .  f T h u s  t h e  c o r r e c L n e s s  o f  P v A  i s  D r o v a b l e  b v  I A M ] .

Pr oof

LeL De/L be Lhe seL of  a l l  Lhe SLD-der ivaLions of  P.  For  each p
t a k e  , t t C p )  -  L h e  s e L  o f  a I I  c a l l  p a t L e r n s  C i e .  s e l e c l e d  s u b g o a l s )
o f  p  o c c u r . i n g  i n  f i e n  a n d  R C p )  -  l h e  s e L  o f  a t L  c a l l - s u c c e s s  p a i r s
of  9e/1.  Now leL E(  p)  be a precondiL ion saLis f ied exacLly  by
eLemenls of  ,4Cp) and 1el  FCp) be a posLcondi l ion sat- is f ied exact . Iy
by e lements of  RCp).  I f  E(p)  and FCp) ex is !  in  the meLaL anguge of
a s s e r L i o n s  l h e n

A  =  {  p :  p r e  E C p ) ;  p o s t  F C p >  i  p  o c c u r s  i n  P  }
i s  t h e  r e q u i r e d  s e !  o f  a s s e r L i o n s .  I l  r e m a i n s  L o  s h o w  L h a L  P u /
s a L i s f i e s  v e r i  f i  c a t i  o n  c o n d i . t i o n  V C .

N o t e  f i n s } .  L h a L  i f  ( a , o q )  s a L i - s f i e s  1 L s  p o s L c o n d i l i o n  ( f r o m  y ' )
then lhere ex isLs an SI-D-der  i -  vat i  on ,D of  P such thaL <-o,G and
(  -Ga are goals  of  ,D (where G ls  an aLom sequence) .  Hence for  any
atom sequence H,  for  P wiLh Lhe in i l ia l  goaJ.  er<changed for  <-o, ,V
Lhere ex isLs an SLD-der ivat ion .D '  such thaL ( -Hs is  a ooal  o f  .D ' .
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VC consis ts  of  three impl lcat ions.  Thei r  premises refer  to  an atom
b and a sel  o f  a .Lom pai rs  Lhal  sa l is fy  Lhei r  Postcondi t - ions.  From
the reasonlng above and thle definiLions of -d, R arrd of a valuat-lon
seqrrence 1l follows that there exlsLs an SLD-derl va!j. on for P
where b ls  a ca l l  paLLern and Lhese pai rs  are ca l l -success Pai rs .
CWe sk ip deta i ls  of  the comstrucLion.)  The conclus ions of  Lhese
impl icat ions refer  Lo an aLom or  an a lom pai r -  For  each
l m p t i c a L i o n  t h i s  a L o m  C p a i r )  i s  a  c a l l  p a t t e r n  C c a l l - s u c c e s s  P a . i r )
of t-tr€ SLD-derivaLion exempLlfied abowe. Thtus t.he aLom CPalr)
saLls f ies j - t .s  pre-  Cpost- )  condl t ion and Vc holds-

End of pr oof -

As -d(  p)  and R(p)  are recurs lve ly  enumerable,  for  E(p)  and F(p)  to
extst  iL  is  suf f lc lent  thaL any recurs lve ly  enumerable set-  1s
expressib le ln  Lhe meLaL anguge.
Nole LhaL lhe reasonlng above remains val ld  a lso for  programs wiLh
counLably many goal  c lauses.  CIAM is  of len used for  a program wl  t - i r

a  c lass of  Eoal  s)  .

FUTTJRE WORK
The suf f ic lent  condiL lon Lhat  any recurs ive ly  enumerabl  e set  and
nelat ion can be descr lbed in  the mela l  anguage is  raLher  sLrong.  An

interesLing quest ion is  weakenl  ng Lhis  condlL ion by invest igaLing
for  whlch asser t lon Cmela-)  I  anguagles IAM is  comple le.  Thls  woul  d
lead to a k lnd of  compl  eteness in  lhe sense of  Cook tAPt l .  A

re lated problem is :  for  a g iven Program P and a Lrue asser t - ion
for a predlcat-e syrnbol in P flnd assert-ions for t-tre rema.ining
predlcaLe synbol  s  such that  VC holds ( !hus the correcLness of  Lhe

resul t ing asserLed program is  provable by IAt ' , ) .
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