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Asymptotic properties of density estimates for linear
processes: application of projection method
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We specify conditions under which kernel density estimate for linear process is weakly and
strongly consistent, and establish rates of its pointwise and uniform convergence. In particular, it
is proved that for short-range dependent data of size n and bandwidth b,,, the rate of convergence is
O((logn/nb,)'/* + b,zl). The results are established using projection method introduced in this setup
by Ho and Hsing (Ho, H. C. and Hsing, T. (1996). On asymptotic expansion of the empirical process
of long-memory moving averages. Annals of Statistics, 24, 992-1024.) and Wu (Wu, W. B. (2001).
Nonparametric estimation for stationary processes, Ph.D. thesis, University of Michigan, available at
http://www.stat.uchicago.edu/research/techreports.html.).
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1. Introduction

Let (X,);2, be a stationary sequence with marginal density f, and f,, (x) be a kernel density
estimate of f(x) based on n observations X, X, ..., X,, given by

R 1 < x =X,
fn<x>=nbn§1<( o )

where the kernel K is some function, not necessarily positive, such that f K(s)ds =1, and
bandwidths (smoothing parameters) satisfy natural conditions b, — 0 and nb, — oco. Major-
ity of asymptotic properties of . (x) are established for independent (X,); however, recently,
there has been an increasing interest in the dependent case. In one line of research, weak
dependence assumptions (usually various types of mixing conditions) are imposed on (X,),
and it is shown that the results for independent data carry over to this more general case;
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see ref. [1] for the overview of such results. Alternatively, one can consider a flexible sub-
model which restricts a class of considered stationary processes but not the strength of their
dependence, and try to check when the analogy with independent case breaks down. This
is especially interesting in the case of estimation of local parameters as a density function,
because the answer to this question depends not only on the strength of dependence, but
also on the effective number of observations used in the estimation, which is determined by
magnitude of smoothing parameter. For representative examples of this line of research, we
refer to refs [2-5]. Studied models include transformed stationary Gaussian sequences and
infinite order moving averages, among others. In this article, we consider the latter, assuming
throughout that

o0
Xe=) am-i, =12, (1)
i=0

where (1;){2_,, are i.i.d. random variables with mean O and finite variance 02, and ¢; is
such that ) " ¢? < oo. We additionally assume that ¢y = 1 and that density f; of n; exists.
If ¢; = L(i)i~#, where 1/2 < B < 1, and L(:) is slowly varying at oo, routine calculation
based on the Karamata theorem implies that ry (i) := Cov(Xy, X;) ~ C(B)L*(i)i~?f~Dg?2,
where C(B) := fooo(x + x»)~#dx and a, ~ b, means lim,_, o a,, /b, — 1. Thus, in this case,
sum of absolute values of covariances diverge. This property is called long-range depen-
dence (LRD) or long-memory, in contrast to short-range dependence (SRD) case of absolutely
summable covariances. Note that if Y .~ |¢;| < 0o, or B > 1 in the hyperbolic decay con-
dition given earlier, (X;) is SRD. Let anz = Var(X; +---+ X,) and put ¢; =0 for i < O.
Then, it is easily seen that 62 = 62 Y"_ (3, i) is O(n) when %2 |ci| < oo and
a7 ~ D(B)n*~ VL2 (n), where D(B) := 0*[(2 —2B)(3/2 — B)I"'C(B).

In this article, we study conditions under which kernel density estimate is consistent in
different senses and investigate rates of its a.s. convergence. In particular, we prove that, under
natural conditions on bandwidths, fn (x) is always weakly (i.e., in probability) consistent when
density of n; is Lipschitz and K € L%, Moreover, for absolutely summable (c;), rate of a.s.
convergence of fn (x) — f(x) to 0 is O((logn/ nb,)'? + b,%). This parallels the result for
independent data.

A method which turns out to be particularly well suited to investigate such problems is
projection method, two variants of which were introduced in the considered setup by Ho and
Hsing [3] and Wu [6]. The method is briefly discussed in section 2. Both variants are presented
here, as both of them turn out to be useful depending on a particular problem considered. Appli-
cations of projection method to many statistical problems, including asymptotic behaviour of
empirical processes and quantiles for linear processes and iterated dynamical systems, have
been studied in depth by Wu in a series of papers [7-9].

Detailed analysis of asymptotic distributions of f:,(x) —E fn(x) is given by Wu and
Mielniczuk [5]. Their results imply (cf. proof of their Theorem 2) that when density f; of
n; is three times differentiable with bounded continuous and integrable derivatives, then
f,,(x) - IEf; (x) = Op((nb,)~"? 4+ 0,/n). The method of proof also relied on martingale
representation given in equation (5). The present article indicates that projection method is
useful as well with investigating rates of a.s. and uniform convergence.

Similar results to Theorem 4(a) on rates of uniform convergence based on strong mixing
condition were established by Bosq [1] and Fan and Yao [10]. In particular, it follows from
Theorem 5.3 of Chanda [11] that if strong mixing coefficients «(n) of an underlying station-
ary process decay geometrically, b, ~ cn™" for 0 < y < 1, f is bounded on [a, b] and K
satisfies Lipschitz condition, then sup, ., | fu(x) — Efu(x)] = O((logn/nb,)'/?) in prob-
ability. Thus, the rate of convergence of the random component of fn(x) coincides with that
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of Theorem 4(a). More generally, a(n) < Cn~# with 8 > 5/2 implies the same rate of con-
vergence, provided the sequence (b,) tends to O sufficiently slowly. One gets further insight
into this problem by considering conditions under which linear processes are strongly mixing.
There are many such results in the literature, e.g., refs [11-14]. In particular, for ¢, ~ cen=?
under certain regularity conditions on the density of n;, it follows from Withers [13] that
the strong mixing coefficients a (k) = O [Z;’o:k max(Cy/”, \/m)] = Ok¥20/3),

where Ci = Y 2, ¢?. Thus, the conditions of Fan and Yao when ¢, ~ cn~ are satisfied for

& > 23 /4. At the same time, Theorem 4(a) does not require any conditions on the decay rate
of (c,); the sole condition being (c,) € I'. Let us also note that as mixing coefficients measure
departure from independence, asymptotic results based on mixing approach concern weak
dependence case, and handling LRD case under such conditions seems infeasible. In the arti-
cle, we restrict ourselves to linear processes and try to quantify the effect of dependence on
the rates of convergence of ﬁ, ().

2. Projection method

Let (V;)2, be a strictly stationary sequence of real random variables such that E|V;| < oo,
and V; is F;-measurable, where (F;);°_ is an increasing sequence of o-fields such that
mzt':fooﬁ is trivial for any ¢. In this section, we do not assume that V; is an infinite-order
moving average. The main tool used in the article is the projection method, which exploits in

different ways the following basic equality

V,—EV, = Y E(Vi|F) —E(ViIFi), )

k=—00

holding a.s. owing to the fact that E(V,|F_;) — E(V,| N}

oo Fi) =E(V) as. as j — oo.
Let
PU =EWU|Fk) —EWU|Fi-1)

denote projection differences. Note that the equality E(U|F;) = P U + E(U|Fi—1) yields
orthogonal decomposition of E(U|F;) with respect to Fy_;. It follows from equation (2) that

n

YWV -EV)=) > PV 3)
t=1

t=1 k=—o0

There are two possible ways of regrouping summands in equation (3). The first one consists
in writing it formally as

STPD V= Y Ui “)
t=1

k=—00 k=—00

using P, V; = 0 for I < k, whereas the second one represents equation (3) as

Z ZPH(V, = Z ka. ®))
k=0

k=0 t=1

In order to observe the main difference between equations (4) and (5), note that U, ; in
equation (4) are sums of not necessarily uncorrelated summands such that U, ; and U, g
are uncorrelated for k # k’. On the other hand, summands P,_;V;,t = 1, ...,n, of W, are
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uncorrelated being martingale differences with respect to (F,_¢)7_,, but W,, , may be correlated
with W, for k # k'

In what follows, ||Y|| = (E(Y?))'/? denotes £>-norm of a random variable Y. Observe that
equality (4) leads to a more precise bound for £?-norm of centered sum of V; than equation (5).
Namely, using stationarity of (V;) we get [6]

Z(u EV,)

whereas analogous handling of equation (5) yields

anw, ~EV,)
t=1

which is obviously weaker than equation (6). This is the reason why representation (4), but
not equation (5), is used to bound the variance, i.e., L£2-norm of centred density estimate
in Lemma 1. In particular, if ||P,V;|| < 6, for t > 1, we have that the last expression in
equation (6) is not greater than

Z (Z 6 k+1> + Z <Z 60— k+1> <Y Ou— O +n0O; = B2 (])
k=—00 \1=1 k=1

2
n

Z ”U"k” Z Z 1P1Viksll | (6)

k=—00 k=—o00 \ t=max(l,k)

o0
=n'2Y PVl
k=1

t=k k=1

where ®, = Y7, 6;. In the case when ) ;= 6; < 0o, we have B2 = O(n) as Y o (Op4x —
O® =n(XZ,6)°

However, observe that it is often beneficial to exploit martingale structure of W,
in equation (5), e.g., by taking advantage of known exponential inequalities for sums
of martingale differences [15]. This is the approach used in Theorem 3 to study the
rates of convergence of f,, (x). When using representation (5), summand W, o usually
has to be handled differently from the terms W, ; for k > 0 as it involves random vari-
able V; which is not conditionally averaged in contrast to remaining terms. This leads
to natural decomposition W, o+ > ,_, W, in which the second term is the sum of
random variables V) = E(V,|F;_)) —EV,,t =1, , n for which decomposition (4) may
be employed.

The idea to use martingale approximations to investigate properties of S, = > ,_, V; dates
back to Gordin and Lifszic [16] who considered this problem for V; = g(Y;), where Y, is an
ergodic Markov chain. Note that for V; defined in equation (1), fn(x) is a special case of this
setup by letting ¥, = (..., n,_1, n;) and defining g = g,, by g,(Y;) = n~'K;, (x — X,). They
proved that if E(S,|X;) — h(X,) in £, then  is a solution of the Poisson equation g(x) =
h(x) — Qh(x), where Qh(x) = fh(y)Q(x; dy) and Q(x, B) is a transition function of (Y;).
Then S, = 2271 My + Ry, where My = h(Yy) — Qh(Y)_1) is the martingale difference with
respect to Fy_; and R, = Qh(Yy) — Qh(Yn) is a remainder term. However, for problems
considered in this article, weaker conditions are obtained when representation (5) is studied
directly than those pertaining to existence of solution of the Poisson equation for g, defined
earlier.

3. Consistency and rates of almost sure convergence of kernel density estimates

In Theorem 1, we investigate conditions under which weak and strong consistencies of f,l
hold. In both cases, no decay rate of coefficients ¢; is needed. Theorem 2 provides asymptotic
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representation of centred ﬂ(x). In Theorem 3, rate of a.s. convergence of f,,(x) data is
established for SRD and LRD case. Rate of uniform weak consistency over any finite interval
is established in Theorem 4.

Projection method is applied to rows of row-wise stationary array Y, = n= (K, (x — X;) —
]Efn(x)),t =1,2,....,n,neN,and 7, =0o(..., 11, 1) is the o-field generated by all
innovations up to the moment 7.

THEOREM 1

(a) Assume that the density fi of n exists and is Lipschitz continuous with Lipschitz constant
A, nb, — o0 andf K2(s)ds < oo. Then fa(x) = f(x) in probability.
(b) Assume, moreover, that f) is bounded, nb,/logn — oo and f [vK (v)|dv < oo. Then

f,,(x) — f(x)a.s.

The following theorem provides decomposition of fn(x) —-E f,, (x) with explicit bound
for a remainder term for ¢;s decaying hyperbolically. A weaker result under more stringent
conditions on density f; and with remainder term Op (n~'/?) 4+ 0p (0, /n) has been proved by
Wu and Mielniczuk (2002). Let €, be defined as in equation (7) with 6, = ¢,_1(}_;c, , ¢2)'/?
and let f x g denote convolution of f(-) and g(-). A sequence (Z,)52, of random variables
converges to 0 completely if Y .-, P(|Z,| > ¢) < oo for any ¢ > 0.

THEOREM 2 Assume that f| is bounded two times continuously differentiable function with
bounded derivatives, and K satisfies assumptions of Theorem 1(b). Then

=
~n

Fr) —Efo(¥) = My(x) = Kpx f' ™" Y X, 4+ 0 ( ) ®)
n

t=1

where M,,(x) := Z:’zl Yin — E(Yi|Fio1), Xi s := E(X,|Fs) and B, is defined in equation (7).
M, (x) is a sum of martingale differences converging completely to 0 provided nb, /logn —
o0o. If ¢; = L(i)i~# for some B > 1/2, then B, = O(n'/? lei] P22 + 0?2 L2(n))
which is O(n*~*L*(n)) for B < 3/4 and O(n'/?) for B > 3/4. If B > 3/4 and En} < oo,
the second term in equation (8) converges completely to 0.

From Theorem 2, it follows that for twice continuously differentiable f we have
fn(x) —fx) = Op((nby,)~'? +on/n + b,%). Next, we study a.s. rates and uniform rates
in probability. Let C®?(R) denote a family of twice continuously differentiable real
functions.

THEOREM 3 Assume that conditions of Theorem 1(b) are satisfied, fi € C2(R), E[ni|? < oo
for some p > 2, K is symmetric andf |K (v)|v?dv < oo.
(@ If Y72, lcil < oo then

. ] 12
1) — £l =0(< :i”) +b5> as. ©)

(b) Ifc; = LG)i~ for 12 < B < 1, then

R 1/2 1/2
|fn(X) = fF) =0 <<10g"> + oullogn) +b§) a.s. (10)

nb, n




126 A. Bryk and J. Mielniczuk

THEOREM 4  Assume that conditions of Theorem 1(b) are satisfied, K is bounded, symmetric
and Lipschitz continuous with Lipschitz constant L, f| is twice continuously differentiable
with bounded derivatives, f| € L'(R) and f? € L*(R).

(@ If Y72, lcil < oo then

2 logn 172 2
sup [fu(x) — f(x)| =Op ( ) + b,

x€la,b] nb,

(b) Ifc; = L(0)i™P for1/2 < B < 1 then

3 logn\'? on |,
sup |fn(x)_f(x)|=(9p < ) +7+bn

x€la,b] nbn

for any finite interval [a, b].

4. Proofs

The proofs of Theorems 1-4 proceed through the following lemmas. Let us stress that both
variants of projection method turn out to be useful here. We apply bound (6) for || f,(x) —
E f,(x)|| to prove Theorem 1(a). Decomposition (5)

Fo®) =B fu(x) = Wog + Y Was = My(x) + Ny (x)
k>0

is employed to prove Theorem 1(b). Martingale structure of M, (x) is used to establish its a.s.
convergence to 0, whereas term N, (x) is analysed using the ergodic theorem. Furthermore,
we take advantage of bound (6) again to find suitable approximation for N, (x) needed to
prove Theorem 2. Exponential inequality for sums of martingale differences M, (x) is used to
prove Theorem 3, whereas the Burkholder inequality is employed to study the term N, (x).

LeEmMMA | Assume that assumptions of Theorem 1(a) are satisfied. Then

n

2
Var f,(x) < M > <Z|c, k|> + = Var K, (x — X)), (11)

k=—00
where C; = A [ |K (s)| dds.

Observe that the bound in equation (11) can be written as C Var(X; + -+ X,)/n) +
D Var fno(x), where X, = Zl —olcilni—i and f, 0(x) is a kernel density estimate based on
i.i.d. sample of size n having density f. This follows upon noting that X; + --- + X,

Y e 2or—y lci—k|mk. Only the first term in the bound is influenced by dependence of
underlying sequence (X;).

LEMMA 2 Let fi be a bounded density, [ K?2(s)ds < oo and nb, /logn — oc. Then

M,(x) = Z Y, — E(Y|Fiz1) —> O completely.

t=1



Density estimation for linear processes 127

LEMMA 3 Assume that conditions of Theorem 2 are satisfied. Then

No(x) + Ky * f'(x)n”™! Zl X1 =0p (%)
where Ny (x) = f,(x) — Efy(x) — M, (x) and X, s = E(X,|Fs).
Let S, = Y, Xt.
LEMMA 4  Assume that E(|n|*?) < oo for some p > 1. Then E|S,|*? = O((Var S,)P).

Proof of Theorem 1(a). Writing X, = X, ,_; + n;, it is easy to see that continuity of f;
implies continuity of f, and thus in view of the Bochner lemma Var K,(x — X;) ~
f)b! f K2(s)ds for b — 0 whence the second term on the right-hand side of Eq. (11)
tends to 0. Moreover,

53 (Set) =5 5 e

k=—00 \t=1 —oo 1<t,t’<n
1/2 1/2
n oo
_— |Cjcj+1|< C ; Cj+i — 0
i=0 j=0 i=0 \ j=0

as Z;io c? < 00. Thus in view of equation (11), Var fn(x) — 0 and weak consistency of
fn(x) follows as [E fn (x) = f(x) in view of continuity of f at x. |

Proof of Theorem 1(b) Observe that in view of Lemma 2 it is enough to prove that
N,(x) — 0 a.s. Note that

Ny(x) = / K@n 'Y fil = Xy — byv) do — Efn(x).
=1
Observe that

[Ny ()] =

[ K@ = X = b = = X do
t=1

Y= X)) = fO|+ B L) — fI. (12)
=1

The last term on the right-hand side tends to 0 in view of continuity of f.As (fi(x — X/ ,-1);2,
is ergodic as an instantaneous transformation of an ergodic sequence (X, ,—1);2, the second
term also tends to 0 a.s. in view of ergodic theorem as E f1(x — X;,—1) = f(x). The first term
is bounded by Ab, [ K (v)v|dv — O using the fact that f; is Lipschitz. |

Proof of Theorem 2 Observe that in view of Lemmas 2 and 3 we have that

S —Efu(x) — M<x>+1<b*f(x>n—'2xt,l—op(“”)

t=1
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and M,(x) — 0 completely. In order to establish the bound on E,, observe that
82 =002n03, + Y., 1(0; —©)%) and in view of the Karamata theorem 6; =
O@G'272PL2(i)). Thus, we have

D@ =0’ = ) 0(me)) =n* Y OGP LY D) = 0P L n)).

i=n+1 i=n+1 i=n+1

We now prove that for 8 > 3/4and En} < co,n' >""_, X, ,_ tend to O completely. Applying
Lemma 4 with X, ,_; in place of X;, S = Z:’Zl X:i—1and p =2, we get

4 /\2
28) _ E§, :O<(VarSn) )

~ (ne)* n*

/
n

p<5

n

Observe that reasoning analogously to proof of Theorem 1(a), we get Var S, = O(n) when ¢;s
are absolutely summable, and as discussed in section 1 Var S/ ~ n>=@f=D12(n) for 1/2 <
B < land whence for 8 > 3/4, (Var S,)?/n*is summable. Thus for such cases P(|S) /n| > &)
is summable and conclusion follows from the Borel-Cantelli lemma. The case 8 > 1 is treated
analogously. |

Proof of Lemma 1 In order to prove inequality (11) we use bound (6). Let U; = K, (x —
X:) — EK,, (x — X;) and note that P, U, = 0 for ¢ < k. Thus

n n 2
nvar fx) < 3 (Z 1P 14t > K} + [Pt = k})

k=—o00 \1=1

n 2
<2 ) (Z ||7>1Utk+1||> + 20| P UL,

k=—0c0 \1>k
As | P UL |? = EU} — E(E(U;|F))* < EUZ, itis enough to prove for t > 1
1P1U N < Crllei—1|EnD'? + -1 |Elmi]) < 2Ciler—i[lImll.
To this end, observe that writing
00 (t—s)—1
Xo= Y emi+ Y cimi = Xis+ R,
i=t—s i=0

we have fort > 1
PU, =/Kbn<x—z—Xm)ﬁ_l(z)dz—/Kbn(x—z—xt,om(z)dz, (13)

where f;_;(-) denotes a density of R, ;. Moreover, an easy induction argument implies that
f; is Lipschitz continuous with Lipschitz constant A when f; has this property. Note that
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equation (13) can be written as

/K(Z){ftfl(x — X1 —byz)— fi(x — X1 — by2)}dz + / K@U, (x — Xe1 — by2)
— filx — X100 — bp2)}dz = T+1L

Using Lipschitz continuity of f;, we have |II| < Cy|c,—17:]. Moreover, as f;(s) can be written
as convolution f;_; % f(s) where f is a density of ¢,_;7;, we have that fors = x — X1 —byz

] S/IK(Z)I/IfH(S)—fH(S—y)If(y)dde

SA/IK(Z)I/IyIf(y)dde

= CElc;—iml. n

Proof of Lemma 2 'We use a special case of Freedman exponential inequality [15] stating
that for sum S,, = nM,,(x) of bounded martingale differences T;, |T;| < B, we have for > > 0

E exp(rS,) < exp(8B 2e(B1)),

where e(A) =¢* —A—1 and B is a bound of conditional variances of T; such that
P E(T?Fi-y) < B) = 1. In our case
E(T21F1) = E(KE (x = X)IFi1) — (B(K, (x — X)|Fio))?
< E(Kj (x = X)|Fiep)
! 2 (*—Xiic1—s
A S KEE

- [ K?*(s) dssup fi
< b,

and B = 2sup K /b,,. Thus Z?:l E(T12|]-',-,1) < nC/b, for some positive C, and for A > 0

P(M, z¢) <E

exp(AS,) _ {(Cane(BA)) _m\g}. (14

exp(nie) ~ b,

Let A, = &,b,/C, where &, = (8C logn/nb,)"/?. Note that as e(1) ~ 27112 for A — 0 we
have that e(BA,) < (3/4)(Bx,)? for sufficiently large n. Thus, for such 7, the last bound is
smaller than

exp(6logn — 8logn) = exp(—2logn). (15)
Thus the Borel-Cantelli lemma implies that M, (x) > (8C log n/nb,)'/? finitely often almost

surely. Analogously, we show that ) P(M,(x) < —&,) < oo and whence M,(x) — 0
completely. |

Proof of Lemma 3  The proof uses the main ideas of the proof of Lemma 4 by Mielniczuk and
Wu (2004). Observe that n N, (x) = Z:’:l Kp x T;(x), where T, (x) = fi(x — X;,—1) — f(x),



130 A. Bryk and J. Mielniczuk
where * denotes convolution. We will prove that
1/2
1P Ky * T(x) + Ky * £/ @)eiam | = Olei—1]CY)., (16)

where C, = Y 2. ¢2. This will prove the lemma in view of equation (7). Writing

2
H/ Kp(x —s)&ds|| =E (/ Kp(x — $)Kp(x — s )EEy ds ds/>

for any family of random variables (&;)scg and using Cauchy inequality, we have

2
2
< sup [|&|I"

s

H / Kp(x — )& ds

Thus, in order to prove equation (16) in view of P1T,(x) = fi_1(x — X;1) — fi(x — X; ), it
is enough to show that

Sup | fi-1(s = X1) = fi(s = Xe0) + £/ ©)cm |l = Ole11C ). (17)
In view of Lemma 1 by Mielniczuk and Wu [17], f'(x) = Ef/_,(x — X,1). Thus

sup [ f'(s) = fi_ (O] < supE|f_ (s = Xi,0) = fi_1 ()]

<sup |l f_ (s — X,1) — f_, ()] = O,

as sup; , | f,a) (s)| < co. Moreover
sup | £/, (s) = £_1(s = X10)ll = O(C;").

Thus equation (17) follows from

sup [l fici(s — Xi1) — fi(s — Xe0) + £ (s — Xeo)emimill = Ole,—117). (18)

Let n} be a copy of n; independent of (n;)7°___ and X;f] = X;1 — ¢,—1m1 + ¢;—1n}. Random
variable on the left-hand side of equation (18) can be written as

E(fi-1(s = Xi1) = fimi(s = X7 ) + f1 (s — Xi0)erim|F1) (19)
Adding to equation (19)
E(fi—1(s — X10) — fic1(s — Xi0) — fi_y (s — Xi0)emni|F1) =0,

we see that equation (18) follows from two term Taylor expansion of f;_i(s — X, o) —
Ji—1(s = X ) and fi—1(s — Xi0) — fi1(s — X7)). u
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Proof of Lemma4 S, =Y |__ Y0 ci—illi =y dn—in; is a sum of martingale
differences as 7; is independent. Thus, the Burkholder inequality implies

n p
E|S,[*" < C3)E ( > (dn,-mf)
i=—00
and in view of the Minkowski inequality, we have

Z (dy- ,m)2

i=—00

<P > 1 duein)?l,

i=—00

1
14113, < C,07

=Gy Z ldy—imill3, = C,0" (Var S) I 13,

i=—00

from which the statement of the lemma follows. | |

Proof of Theorem 3 (a) Proof of Lemma 2 indicates that M, (x) = O((log n/nb,,)l/z) a.s.
As Ef,,(x) — fx) = O(bﬁ), it is enough to show that N,(x) = O((logn/n)"/* + bﬁ) a.s.,
provided ¢;s are absolutely summable. We bound N, (x) as in proof of Theorem 1(b) and note
that the first and the third terms of the bound are O(b?). Let

Ha(x) =Y filx = Xpm) = f(0) =2 ) Ti(x).

t=1

We first show that
IP1T (), = Oei-l). (20)

To this end, consider a coupled version of X, ;_;: Xt*’tf1 = X11—1 — ¢ci—1M1 + ¢;—1n}, where
ni has the same distribution as 1, and is independent of (1;). Then E( f1(x — X, ,—1)|Fo) =
E(fi(x — X7,_IF1), and as f satisfies Lipschitz condition we have

IPIT, )l p = IE(fi(x = Xeom) = frlx = X5 DIF
< IEAlci—1(ni — n)DIFl, < IAle—1 G — aPll,
= O(lci—1])

in view of E|n;|? < oco. Consider decomposition of H,(x) = Z j=—o0 ‘PjH,(x) into martin-
gale differences P; H, (x). It follows from the Burkholder inequality that

p/2

E|H,(x)|” < C,E[ Y (PjH,(x))’

j=—o00

and, moreover,

1P H)lp < D IPIT il < C Y lerjl.

1=j
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Thus

(E|Hy(x)|")*? < C | Y (PjHy(x))

—
J p/2

<C Y IPHWI

Jj=—00
n n 2

<Cc Y (Dllel]- (e3))
j=—0o \1=j

As ¢;s are absolutely summable we get E|H,(x)|? < n”/?. We apply Moricz [18] inequality
stating that if for some non-negative @; andr > 0,q > 1, E|X; +--- + X;|" < (Z’j:] aj)d,
then E(max;<, | X1 +--- + X;|") < C,y (3, a;)? with r = p and ¢ = p/2. This together
with equation (22) implies that E(max; <, | H; (x)|?) < n?/?. Thus H,(x) = O(n'/?(logn)'/?)
a.s. It follows, by the Borel-Cantelli lemma from the observation, that

E max; <« |H; (x)|”

— -p/2
(2kp/2[p/2) = Otk )

P(|max |H;(x)] = e2*0)'/?) <

which is summable as p > 2.
(b) Proof of (b) follows the same argument after noting that the analogue of equation (21) is

EIH, (x)|")*P = O(a7).

Moreover, two-fold application of the Karamata theorem yields that the Moricz inequality
may be applied with a; = "2 L2(i). It yields E max;, |H;(x)|” < Co/l. [ ]

Proof of Theorem 4 'We first prove that

logn 12
sup |Mn<x)|=0( )
x€la,b] nbn

almost surely. Let €, = 3(16C logn/nb,)'/?, where C is defined in the proof of Lemma 2 and
a =xy <x; <---<x;, = bis an equipartition of [a, b] with [, = [6L(b — a)/(b,%en)] + 1.
Define k(x) = k to be the point of partition closest to x. Observe that

2
P sup M, (x)|>€, | <P sup My (x) — My (x)| > <_> €n
xela,b] xela,b] 3

1
+P <or§i’§,, | M, (xi)| = <§) en).

It is easy to see that in view of Lipschitz continuity of K, we have |M, (x) — M, (x)| <
2L(b —a)/ (b,zll,,) < €,/3 and whence the first probability on the right-hand side is 0. Second
term is trivially bounded by

(o + 1) max P(M,(x0)] = 37e,). (22)

Choosing 1, = €,b,/3C and reasoning as in proof of Lemma 2, we get that equation (22) is
bounded by (I, + 1) exp(—4logn) ~ (n/b3 logn)'/? exp(—4logn) which is summable, and
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the conclusion follows from the Borel-Cantelli lemma. Next, we show that in the case of
(b) sup,cia.py INn(X)| = Op(op/n + bﬁ). Reasoning in case (a) is similar. Bounding N, (x)
as in proof of Theorem 1(b), we see that the first and the third terms of the bound are bﬁ
uniformly in x € [a, b]. In order to bound the second term let, as in the proof of Theorem 3,
H,(x)=)/_ filtx — X, ,—1) — f(x) and h,(x) = H,(x). From the proof of Lemma 5 in
Wu [9], it follows that f] € L!(R) provided f® e £2(R), and if f; is bounded we have

t n

2
/Ehﬁ(x)dx =0 Z Z|c,_j| = O(c?2).
R

j=—00 \t=1

Moreover, observe that

2

b b
E sup |Hn(x)—Hn(a)|2§]E<[ |hn(x)|dx> §(b—a)[ Eh2 (x) dx.

x€la,b]

The last two equations imply via the Markov inequality that sup,(, » |Ha(x) — Hy(a)| =
Op(0,). Proof of Theorem 3(a) implies that | H,(a)| = O(o,) and the conclusion follows via
triangle inequality. ]
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