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Abstract

We consider nonparametric prediction problem for both short- and long-range de-
pendent linear processes. Asymptotic properties of local linear estimates are obtained
and, for long-range dependent processes, an interesting dichotomous phenomenon is
described: the limiting distribution depends on the interplay between the strength of
the dependence and the magnitude of the bandwidth. A simulation study is carried

out to assess the performance of the nonparametric prediction estimator.

Keywords. Dichotomy; Local linear prediction; long- and short-range dependence; linear

process; subsampling.

1 Introduction

An important problem in the study of time series is prediction. Let (X;);cz be a stationary
process with E(X?) < co. The classical Kolmogorov-Wiener theory concerns predicting
future values by linear combinations of past values of the process. See Pourahmadi (2001)
for an extensive treatment. If the underlying process is Gaussian, then the conditional
expectation of a future value given the past values is a linear combination of the past
values, and the linear predictor is thus indeed optimal with respect to mean squared error.
For non-Gaussian processes, however, the linear relationship does not generally hold, and
it appears quite difficult to find parametric forms of the predictor. In this case, one will
obtain erroneous results if a linear predictor is used. To circumvent the difficulty, we
can resort to nonparametric predictors such as the kernel-based Nadaraya-Watson or local

linear estimators.
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In the paper we consider the estimation of the one-step ahead predictive function
g(x) = E(X;11|X; = x) based on observations X, X1, ..., X, of the process. The function
g is linear if (X;) is Gaussian or if it is the linear AR(1) process X; = aX;_1 + &, where
la| < 1 and ¢; are independent and identically distributed (i.i.d.) with mean 0. There is a
vast body of literature on the parallel problem of nonparametric estimation of conditional
mean function in a regression setting when errors are independent, see for example Eubank
(1988) or Hardle (1990). For nonparametric estimators of autoregression functions in
specific models see Collomb and Hérdle (1986), chapter 3 in Bosq (1996) and Wu and
Huang (2006). Chapter 10 of Fan and Yao (2004) contains a general discussion of nonlinear
prediction problems. For related problems, including estimation of conditional variances;
see McKeague and Zhang (1994), Chen (1996), Phillips and Park (1998) and Robinson
(1983). Various modeling strategies for linear least-squares prediction of long-memory
or long-range dependent time series are discussed in Bhansali and Kokoszka (2004). Wu
and Huang (2006) considered autoregressive function estimation for the case when X;,; =
R(Xy, e441) where (&) is a sequence of i.i.d. innovations such that ,,4 is independent of X;.
They proved that under mild weak dependence conditions the Nadaraya-Watson estimate
of g(z) is asymptotically normal with asymptotic variance Var(X;1|X; = z)r/ f(z), where
k= [ K*(s)ds and f is the marginal density of X;. This parallels analogous property of
regression estimator in a random design heteroscedastic regression model with weakly
dependent errors.

Kernel estimators in random design models with long-range dependent errors have
been studied in several papers; see Csorgé and Mielniczuk (1999) and Mielniczuk and Wu
(2004). Masry and Mielniczuk (1999) dealt with local linear estimators in the case of
such errors. Assume that E(X;) = 0. Let r(k) = E(X,X)) be the covariance function
of the process (X;). Generically speaking, the process (X;) is said to be long-memory or
long-range dependent if r(k) is not summable:

Z r(k) = oo. (1)
kEZ
It is known that in this case regression estimator exhibits dichotomous behavior for which
correct normalization ensuring non-degenerate asymptotic distribution results from com-
parison of strength of dependence and size of a bandwidth. Here, we find that the same

phenomenon holds for the prediction problem and determine normalizing constants and
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asymptotic distributions for both parts of the dichotomy. We argue in Section 3 that for
long-range dependent processes size of confidence intervals is mainly determined by the
strength of dependence. In the paper we only consider one step ahead prediction based on
the last available observation. It is possible to extend this to the case of m step predictors
based on the lagged p values. Analogous asymptotic results can be similarly established.
However, the conditions under which non-degenerate asymptotic law is obtained are rather
complicated and the issue of curse of dimensionality emerges. So we do not pursue here.
The paper is structured as follows. Section 2 introduces the linear process model and
the local linear estimate. Asymptotic properties of the estimate are discussed in Section 3,
where both short- and long-range dependent processes are considered. Section 4 presents
a simulation study concerning the performance of the nonparametric predictor and its

dichotomous behavior for moderate size samples. Proofs are given in Section 5.

2 Preliminaries

A popular model for strong dependence or long-memory is linear processes (moving av-
erages) with slowly decaying coefficients. Consider the one-sided infinite order moving

average MA (co) process
X = Z AiEt—i, (2)
i=0

where ¢;,1 € Z, are i.i.d. random variables with mean 0, E(¢?) = 02 < co and coefficients
(a;)5° are square summable. We assume without loss of generality that ag = 1. The
strength of dependence of the process (X;) is determined by the decay rate of (a;). If
a; = 0(i)i7?, i € N, where 1/2 < 3 < 1 and /(-) is slowly varying at oo, routine calculations
based on Karamata’s theorem (Feller, 1971) imply that

r(i) = Cov(Xo, X;) ~ Cal?(i)i~®F~VE(e?), where Cj = / (x4 2%) P da. (3)
0

Here a,, ~ b, means lim,, . a,/b, — 1. Thus in this case sum of covariances diverge and
we have (1). This is a case of long-range dependence (LRD) or long-memory which should
be contrasted with the short-range dependence (SRD) case of summable covariances. Note

that the frequently used models of long-range dependent sequences, namely fractionally



integrated ARIMA process and fractional Gaussian noise have representation (2). For a
readable introduction to long-memory processes discussing MA (oc) expansions see Beran
(1994).

Generally the function g(x) = E(X;;41|X; = ) is nonlinear in x even though (X;)
is a linear process. To estimate g, we shall apply the local linear method to the pairs
(X0, X1)y- -, (Xpn_1,Xp). Let K be a symmetric probability density, Ky(-) = K(-/b)/b
and b, > 0 is a bandwidth sequence satisfying b,, — 0 and nb, — oo; moreover, S, ;(z) =

n S Ky (X — 2){(X; — ) /b ). Let (gn(x), ha(z)) be defined as

n

~

(Gn(x), hn(2)) = argming, 4 Z(X, — Bo— Bi(Xii1 — 7)) Ky, (X;_1 — ). (4)
i=1

Then §,(z) and h,(x) are estimators of g(z) and its derivative g(z), respectively. The
bandwidth b,, determines the amount of smoothing employed by the local linear method.
Recognizing that (4) is a weighted least squares regression problem one can represent g, (x)
as follows. For a column vector V, let V[i] be the ith entry of V' from the top. Define
Sn(z) = ((Sno(x), Sna(@), (Sn1(x), Spa(x)?), X = (1,0, (Xo — 2, X1 — 2, ..., Xppg —
z)T), where 1, is the column vector composed of n 1’s. Let W = diag{Kj, (X, —
z),..., Ky (X1 —2)} and Y = (X, Xo,...,X,)". Noting that S,(z) = n"'XTWX,
gn(z) — g(x) can be be written as (Fan and Gijbels (1996))

Gn(@) — g(@) = n"H{S, () XTW(Y — X0, (2)) 1],

where 6,,(z) = (g(x),b,g'(x))T. An alternative representation is

_ % >l )X (5)

where w,(x,1) are weights given by

wn () = 2@ = Sna @) (Xis = ) /bn) Ko (Xiy = 7).
o 5100)S220) — a0
Define
() = %{(Esn(l’))lE[XTW(Y — X0, ()] H1]. (6)

We shall see from Theorems 1 and 2 that d,(x) is the asymptotic bias of g, (z).
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The local constant analogue of (5) is the Nadaraya-Watson estimator of g(x) defined
in Remark 4. It is well-known that (Fan and Gijbels (1996)) local linear estimator has
several advantages over the local constant estimator such as alleviation of bias at boundary
points. In Section 3 we shall consider asymptotic properties of g,(z) — g(x).

Many previous asymptotic results on nonparametric estimation of autoregressive func-
tion relied on Markovian assumptions of the underlying time series models such as X;,; =
R(X},er41) from which it follows that E(X;iq]...,e1-1,6:) = E(X¢41]X}), see for example
Theorem 3.7 in Bosq (1996). Here, for model (2) the latter equality fails. Thus technical

aspect of all derivations differs much from previous techniques employed for this problem.

3 Asymptotic Theory

Denote by f. the density of 1 and let k = [ K*(s)ds. Recall ag = 1. Let V; = X1 — 141
and Z, = X419 — €440 — a16441. Then both Y, and Z; are F, = (..., e,_1,;)-measurable.
Assume throughout the paper that the kernel K is symmetric, compactly supported and
bounded. Let N(u,0?) denote a normal distribution with mean y and variance o2 and 2,
the weak convergence. Asymptotic properties of g, under short- and long-range dependence

are presented in Theorems 1 and 2, respectively.

Theorem 1. Assume that (i) Y .2, |a;| < oo; (ii) f. is Lipschitz continuous; (iii) g is
twice continuous differentiable at x and f(x) # 0; () b, — 0 and nb, — oo; and (v)

Ele;|? < oo for some ¢ > 2. Then
(nbo) 2 [Gu(@) = g(x) = du(x)] == N[O, £(v] (@) + v (@) / ()], (7)
where vi(z) = o f(x) and v3(x) = E[(Zi1 + a1(z — Y1) — g(2))* fo(xz — Y1)
The result can be better understood by writing (X;) in the form
X1 = 9(Xe) + e + Y, — 9(Xe) := g(Xe) + €141 + €211, (8)

where e€1441 = €141 and ez = Yy — g(Xy). Then E(ey1]X:) = E(eas41|Xt) = 0,
moreover, ej;41 and exyyq are uncorrelated. It can be seen from the proof of Theorem 1
that the decomposition of the asymptotic variance in (7) corresponds to decomposition of

the error in (8). Actually, (nb,) 'xo?/f(z) is the usual form of the asymptotic variance
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of the local linear estimator when homoscedastic errors are independent from the random
regressors. The form of the second summand of the asymptotic variance in (7) is more
complicated due to the M A(co) structure of (X;). Note that the asymptotic variance is
not equal kVar(X;41|X; = x)/f(x) as in the case of random design regression estimation

or in the autoregressive model considered by Wu and Huang (2006).

Remark 1. It is a routine exercise to deal with the asymptotic bias d,,(x), which does not

involve the dependence structure of (X;). Elementary calculations show that
dn(w) = Cp ()b, + o(b},),

where Cp(z) = pog”(x)/2 and ps = [ s*K(s)ds. So the central limit theorem in (7) holds
with g,(z) therein replaced by g(z) if nb? — 0. In Section 4.1, a bias corrected estimator

is proposed. %

It is worthwhile to mention that the central limit theorem (7) holds under the natural
condition on the bandwidth (iv) and the natural short-range dependence condition (i),
without any additional constraints on the decay rates of (a;) and (by,).

For long-range dependent processes, the asymptotic behavior of g,(x) has a more com-

plicated nature. To this end, we introduce

J(y,2) = [z +ai(z —y) — g(z)| fo(z — y).

Let 0, = ||Y.), Xi||, where || - || denotes £2 norm, namely, ||X| = (EX?)Y2. Recall
(3) for the definition of Cs. For long-range dependent processes with a; = £(i)i™?, where
1/2 < 8 < 1 and £(+) is slowly varying, by Karamata’s theorem we have

Cs
(2—-26)(3/2-5)

Let 1545 be the 2 x 2 unit matrix consisting of ones and

0% ~ Dgn? =D 2(n)E(e2), where Dg =

, 0 0
Joo(y, 2) = E[J(y + Vi, 2 + Z)] and JZ(0) = [a—yJoo(y, 2), 5,7y, 2)] o (00) (9)

Under suitable regularity conditions,

J2o(0) = [mar f(z) = E{fi(z = Y})(Z + ar(z = V) — g(2))}, f(=)]-



Theorem 2. Assume that (i) sup,{f:(uv) + |fi(w)] + |f/(u)|} < oo, E(|g;]?) < oo for
some q > 2; (i) a; = ((i)i™? where 1/2 < 3 < 1 and { is slowly varying; (i) b, — 0 and
nb,, — 0o; and (iv) g is continuous at x and f(x) # 0. Then [a] under o, /n = o((nb,)~/?),
we have (7); [b] under (nb,)~*/? = o(0,,/n), we have

) — o(0) — )] 2 N0, L), where () = SOzl

Remark 2. Theorems 1 and 2 allow for multivariate extensions. Let 21 < x2 < ... < 23

(10)

and W,, = [gn(21) — gn(z1) — dp(21), .. ., Gn(xk) — g(xk) — dp(zg)]. Then under assump-
tions of Theorem 1, (nb,)Y/2W, 2, (W21, ..., wZy), where Z; are independent N (0, 1)
and 72 = k(vi(z;) + v3(x;))/f*(x;). For a proof of the latter claim, we can use the
Cramér-Wold device. The details are omitted since they involve no essential extra diffi-
culties. The same holds true in case [a] of Theorem 2 whereas for the case [b] we have
(n/on)Wh, 2, Zy(s(z1), ..., s(xg)). Thus for large bandwidths satisfying [b], coordinates

of the asymptotic law only differ by multiplicative constants. &

Remark 3. As noted in Remark 1, the bias d,,(z) = Cp(z)b2 + o(b?). Thus the first part
of the dichotomy remains valid when nb?> — ¢y # 0 with an asymptotic mean equal to
coCp(x) instead of 0. For such b, if 9/10 < 3, then 0, /n = o((nb,)~'/?). However, if
1/2 < # < 9/10, then the latter is violated. &

Remark 4. Both theorems are also valid for Nadaraya-Watson estimator of g defined as
gn(x) = > XKy, (2 — Xiq)/ >0y Kb, (v — Xi—1) = v,(2)/wy(x) with the centering
term g(x) + d,(z) replaced by g,(x) = Ev,(x)/Ew,(z). Furthermore, if f and g have two
continuous derivatives in a neighborhood of x, then it is easy to check that g,(x) — g(z) =
Cp(z)b? +0(b?), where Cp(x) = ua((f9)® (x)—gf®(x))/[2f(x)]. Thus in the both results
for Nadaraya-Watson estimator g, (x) can be replaced by g(x) provided nb? — 0. &

Remark 5. Both presented results are valid for X = p + X;, where p is the mean and
(X;) is as in (2) under the same conditions for (X/) as those assumed for (X3). Let gx/(-)
and g, x/(-) denote the one-step ahead predictive function and its local linear estimator for
the process (X]), respectively. The claim is justified by noting that gx/(x) = pu+gx(x —p),
Gnx/(x) = p+ gnx(z — p), and that asymptotic variances in (7) and (10) calculated at

!/

x — p for the process (X]) and at x for the process (X;), coincide. &



Remark 6. In our long-range dependence model, we assume that (X;) is a linear process
of form (2). The linearity assumption is crucial for Theorem 2. Robinson (1991) showed
that, for long-range dependent processes which are functionals of Gaussian processes, the
limiting distribution for the kernel density estimate may be non-Gaussian. See Csorgd and

Mielniczuk (1995a, 1995b) for parallel papers on regression. &

Theorem 2 describes the interesting dichotomous phenomenon: if the bandwidth b, is
small such that o, /n = o((nb,)~%/?), then the asymptotic distribution of §,(z) — g,(x) is
same as the one obtained under short-range dependence. On the other hand, for larger
bandwidths, one has a central limit theorem (10) with a different normalizing constant
and a different asymptotic variance: both quantities are changed. If b, = n=%¢;(n), where
a € (0,1) and ¢, is slowly varying, let the triangles T3 = {(«, ) € (0,1) x (1/2,1) :
228 <a}and Ty = {(a, 3) € (0,1) x (1/2,1) : 2—28 > a}. Then o,,/n = o((nb,)~/?)
holds if (v, B) € T, while (nb,)~"/? = o(c,/n) if (o, ) € Ty. For the boundary case when
2 — 20 = «a, we conjecture that the limiting distribution is the convolution of distributions
in (7) and (10). One can refer to Theorem 4 in Wu and Mielniczuk (2002) for a similar
result on kernel density estimation for linear processes.

From Theorem 2 we conjecture that the Asymptotic Mean Squared Error (MSE) of
gn(z) for LRD sequences satisfies
v (x)

MSE(g,(x) ~ 2

Chaph + Z252(x)
+ B‘r n+n28(x7

where v?(z) is the limiting variance in Theorem 1 and Cp(z) is defined in Remark 1.
Hall and Hart (1990) and Yang (2001) proved results on such behavior of MSE(x) for
kernel density estimators and regression estimators in a random design model for LRD

~1/2 = o(0,,/n), the main

observations. Thus in the second case of dichotomy when (nb,)
term of the variance of g,(x) does not depend on b,. In other words, minimization of the
above expression resulting in b,, = C,,;n~'/® yields M SE(z) of order max(n=%/° o2 /n?). As
noted in Remark 3 this order equals n=%/° for 8 > 9 /10 when ’light” LRD occurs, but equals
o2 /n* when 8 < 9/10. This has important consequences for the related statistical inference
such as construction of confidence intervals, as it implies that the minimal asymptotic
variance of §,(z) for 8 < 9/10 equals s?(x)o? /n?(140(1)) and is attained for b, = Cn~'/?
with any C' > 0. Note also that the constant C,,; = (v(z)/4C%(x))'/® for the MSE



optimal bandwidth b, = Optn_l/ % depends in an involved way on parameters of the linear
process and it is not clear how to estimate it. Here we shall propose to use the generalized
cross-validation (GCV) (Wahba (1977) and Craven and Wahba (1979)) method. It works
as follows: write the local linear estimate §,,(x) as g, () to emphasize its dependence on

the bandwidth b. By (5), we can write the predicted values

(gn,b(X(J)? SR mgn,b(anl))T = H<b>Y7 (11)

where H(b) is the n x n smoothing matrix. Recall Y = (X,...,X,,)?. The generalized
cross-validation criterion chooses the bandwidth which minimizes

ntY T (X = Gap(Xio))?

GCV(b) = {1 — trace[H (b)]/n}?

(12)

Roughly speaking, the optimal bandwidth under the GCV criterion balances goodness of
fit measured in the numerator of (12) and model complexity measured in the denominator.
This criterion has various favorable properties such as avoiding estimating nuisance pa-
rameters of the model and ease of implementation. See also Golub et al (1979), Li (1985)
and Wahba (1990) for more discussions on GCV. Asymptotic performance of GCV under
long-memory requires further study. In the next section we propose a method of estimating

the variance of g, () with GCV bandwidth based on sub-sampling.

4 Simulation studies

If the process (X;) is a stationary Gaussian time series, then the predictive function is
linear: g(z) = ap + ayz, with a; = p and oy = EX (1 — p), where p = r(1)/7(0) is
the correlation coefficient between Xy and X;. Given the data X, ..., X,,, the regression
coefficients g and a; can be estimated, for example, by the classical linear regression
methods. As mentioned in previous sections, for non-Gaussian processes g(x) is generally
nonlinear in . For SRD processes, we shall conduct in Section 4.1 a simulation study to
assess the performance of the nonparametric estimates. In Section 4.2 we shall illustrate

the dichotomous phenomenon described in Theorem 2.



4.1 Performance of nonparametric predictors
For the SRD case, we consider the MA(1) model:
X’i =&+ 281‘,17 (13)

where ¢; are i.i.d. innovations with density f.(u) = v27~ (14 «*)~!. In this case we are

able to find an explicit form of g(x) = E(X;11]/X; = x). Since ¢; has mean 0, g(z) =

2E(e;|X; = «). Note that X, has the marginal density [, f.(t)f-(x/2—t/2)dt. Elementary
calculations show that the conditional mean

Jptfe(z/2 —t/2)dt 22(153 + 6422 + x4)

9(x) = T O f(2/2— t/2)dt ~ 945 + 19222 § 9t

(14)

The best linear predictor of X;,; given X; assumes the form ay+ay X; with the parameters
o and oy minimizing E[X; 1 —(ag+a1 X;)]2. Tt is easily seen that ap = 0 and a; = p = 2/5.

The function g and the linear function y = 2z/5 are plotted in Figure 1.
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Figure 1: One step ahead predicted means for model (13). The solid line stands for the
function g(x) = E(X;41]|X; = x) given in (14). The dashed line is the linear approximation
9x(x) = ap + aqx = 2z/5.

In our simulation study we choose two levels of n: n = 500 and n = 1000. The

bandwidth b is chosen by the generalized cross-validation and K is the Epanechnikov
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kernel K (u) = 3max(1 — u? 0)/4. As mentioned in Remark 1, the bias is of the form
G, () — g(x) = Cp(z)b2 + 0o(b2) and Cp(x) depends on unknown parameters which are
not easily estimated. Following Wu and Zhao (2007), we apply the simple jackknife-type

bias corrected estimate

b (2) = 20, (%) = Gy /31, (%) (15)

Then the bias of gy, () is of the higher order o(b?) than the bias of g, ,(z). The above
estimate is equivalent to using the 4th order kernel K*(u) = 2K (u) — K (u/v/2)/V2.

To apply Theorem 1, we need to estimate the asymptotic variance (v?(x)+v3(x))/f?(x)
in (7). The variance estimation problem is generally not easy. A popular way is to

use the subsampling technique (Politis, Romano and Wolf, 1999). For a chosen block

size h, one divides the series Xj,..., X, into (n — h + 1) consecutive blocks of size h,
namely {(X;, X1, .., Xj1n-1) ?;{LH. For each block, the bias corrected estimate g(x)

is calculated. Then the asymptotic variance in (7) is estimated as the sample variance of
these bias corrected estimates. Regarding the choice of block size h, we suggest using the
minimum volatility method proposed in Chapter 9 of Politis, Romano and Wolf (1999). The
idea behind this approach is that, if a block size is in a reasonable range, then confidence
intervals for the conditional mean constructed by the above sub-sampling technique should
be stable when considered as a function of block size. See also Chapter 9 in the latter book
for a more detailed description. Hence one could first propose a grid of possible block sizes
and then choose one which minimizes the volatility of the end points of the confidence
intervals near this size. More precisely, let the grid of possible block sizes be {hq, ..., hy}
and confidence intervals constructed by those block sizes be {(I1;, [1.4),- -, (Iarg, Inrw) }-
For each block size h;, calculate standard deviations of the sequences (I;_3, I;—ay, - . ., Lit31)
and (L;—3.4, Li—2u,- .-, liy34). Choose the block size which minimizes sum of those two
standard deviations. In our simulations, this block size selector performs reasonably well
and it is also found that the estimated variances are not sensitive to the choice of block
size as long as this block size is not very different from the one chosen by the minimum
volatility method.

In our experiments, we generate 10* sequences each having a length n. Then we obtain
10* bias corrected estimates g(z). We consider x = 2. Then the true value g(2) =

1700/1857 ~ 0.915455 and the linear predictor gives the wrong value ag + 2a; = 0.8.
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We estimate the mean and the variance of §(2) by the sample mean and the sample
variance of the simulated estimators. The estimated means and variances for §(2) with
n = 500 and 1000 are given in Table 1, and the histograms of §(2) are displayed in Figure
2. The histograms suggest that the claim of approximate normality of ¢ is plausible.
Figure 3 shows the histograms of the estimated variances of §(2) of the 10* simulated
sequences using the subsampling technique. Compared to the ’true’ variance of §(2) given
in Table 1, we see from the histograms that the estimated variances are centered around the
‘true’ variance with small variability. Actually, the sample variances of the 10* estimated
variances for n = 1000 and n = 500 are 8 x 10~% and 5 x 1073 respectively. Therefore the
subsampling variance estimator with minimum volatility block size selector seems plausible
in this experiment. For each realization, with the estimated variance of §(2), we construct
a 95% confidence interval for ¢(2). Thus we have 10* confidence intervals in total. In
Table 1, p gives the simulated coverage probability of these 10* confidence intervals that
contain the true mean ¢(2) ~ 0.915455 and [ gives the median half length of the confidence
intervals. Observe that p is very close to the pre-assigned nominal level .95 and the length

of the confidence intervals is moderate.

n n =500 | n = 1000
9(2) 0.915455 | 0.915455
Egns, (2) | 0.918588 | 0.917172
Var(gns, (2)] | 0.055822 | 0.049586
i 0.9429 | 0.9457

[ 0.52616 | 0.44578

Table 1. The estimated means and variances for n = 500 and 1000, respectively. p: the
simulated coverage probability of the .95 confidence intervals that contain the true mean
g(2) &~ 0.915455. I: median half length of the confidence intervals.

4.2 A simulation for the dichotomy

Theorem 2 describes the dichotomous phenomenon: for small bandwidths, the estimate
performs as if the data were independent; while for large bandwidths, both the normaliza-
tion and the limiting variance of the estimate are changed. In this section we shall design

a simulation study to confirm this assertion for medium sample sizes.
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Figure 2: Histograms of 10* bias corrected estimates §(2). Left panel: n = 1000. Right
panel: n = 500.
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Figure 3: Histograms of 10% estimated variances of §(2) using the subsampling technique.
Left panel: n = 1000. Right panel: n = 500.
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The considered innovations € are i.i.d. with the common distribution being a mixture
of normal distribution N (0,1)+1N(0,1.25). Let a; = (i+1)7%%, i > 0. Then the process
(X;) is long-range dependent. With the convolution structure in (X;), we can employ the
powerful FFT (fast Fourier transforms) algorithm which uses circular embedding; see Wu
et al (2004). Using a version of the algorithm described there, we can quickly generate
m = 5000 sequences and each of them has length n = 1000. For each sequence, we apply
the local linear estimate (5) to estimate g(0), ¢(0.5), g(1) and g(1.5) with the Epanechnikov
kernel. Let b =1/200, [l = 1,2,...,200. For each b, the asymptotic variances of g, ;(0.57),
1=0,1,2,3 are estimated by the sample variances of the m estimates. Figure 4 shows the
estimated variances of the local linear estimates plotted against respective bandwidths.
Theorem 2 asserts that, for relatively large b,,, the variance of §,;, (z) is proportional to
(0,,/n)? which is independent of b,,. The latter fact is illustrated in Figure 4: the variances
are relatively stable for larger bandwidths. Figure 4 also supports the claim that, for small

b, the variances are proportional to (nb)~!.
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Figure 4: Estimated variances of the local linear estimate at x = 0,0.5,1 and 1.5 with

respect to different bandwidths.
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5 Proofs

In this section we shall prove Theorems 1 and 2. Let iLn<£L') be the local linear estimator
of the derivative ¢'(z). Following equation (3.5) in Fan & Gijbels (1996), we have
1
(9n(2): bl (2))" = S, (2) - XTWY. (16)
n
Recall 0,,(z) = (g(x), b,g'(x))T. Write
A “ 1
00 () = (Gn(2), buhn(x))" = 0,(z), Dn(z) = =X"WI[Y — X0, (z)],
n
Dp(z) = 0, () — [ES,(x)] " Edy(z) and S := diag(1, y2), where py = f_ll 2?K(z)dx.
Assumptions of Proposition 1 below imply that S, (z) is a weakly consistent estimate
of f(z)S (Wu and Mielniczuk (2002)). Thus, when f(z) # 0, in order to investigate
asymptotic laws of D, (x) given (2), it suffices to study laws of S,,(x)D,,(x), which in view
of S,(z) = n'XTWX is equal to

Sp(2)Dy(z) = n(x) — Sp(2)[ES, (2)] ' Eb, (2)
= [Iu(2) = Edy(2)] = {(Salz) — ESu(2))[ES,(2)] "Edn(2)}.  (17)

By the Cramér-Wold device, in order to investigate the asymptotic behavior of 7, (x), it is
sufficient to study that of L, (x) := (c1, co)0, () for all (c1, ) € R? such that ¢ + ¢ = 1.
Note that

i
L

Ln(z) = [e1 4+ co( Xy — ) /bp) (X1 — g(2) — ¢'(2)(X; — 7)) Ky, (2 — X).

S|
o
I
o

Recall that Y; = X;11 — €441 and let F; be a o-field generated by (..., &,-1,&¢). Moreover,

myn(r) = (Y= g(x) = ¢'(@)(Xy — 2))(e1 + o Xy — 2) /b) Kip(x — X4)
+ eler + (X — ) /b)) Ky(x — Xy—q).

Write
Ln(z) = ELy(z) = Myy(2) + No(2) + Ry (), (18)
where
Mu(@) = 0 Ien() — E(mon(@)|Fi)]
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Nu() = n7' ) [E(myn(r)|Fiet) — Emya(2)]

and the third term R,, = (nb,) {e,(c1+co( X, —2) /b)) K[(x—X,—1) /bn] —c0(c1+c2(X 1 —
x)/by)K[(x — X_1)/b,]} satisfying

IR.I? < 4(nby) E{eg(cr + ca( Xy — ) /bn) 2 K> [(2 — X_1) /by]}
— O(byn?) / K2(u)(er + oou)2 f(x — byu)du = O(b=n~2)  (19)

since f is bounded.

In Section 5.1 we shall show that (nb,)"/2M, (z) is asymptotically normal without any
conditions on the decay rate of (a;). The second term N, (x) is also asymptotically normal,
however, with different normalizing sequences when the process is long-range dependent
and it is negligible in the opposite case of short-range dependence. The last term R, (x) is

asymptotically negligible in view of (19).

5.1 Asymptotic normality of M,

Note that M, (x) is a sum of nth row of a triangular array of martingale differences with
respect to F;. We shall apply the martingale central limit theory to prove the following

proposition. Recall Theorem 1 for the definition of v?(x) and v3(z).

Proposition 1. Assume that f. is Lipschitz continuous, K is compactly supported and

bounded, Ele;|9 < oo for some q¢ > 2 and b,, — 0, nb, — co. Then
(nba) 2 My () = N[O, [v7(2) + 03(2)] (e} + M), (20)
where X = [ u?K?*(u)du.

Remark 7. If a; = 0 for ¢ > 0 then X; = ¢; is i.i.d., g(z) = N,(x) = 0 and it follows that
asymptotic variance of §,(z) in this case is 0%/ f.(z). &
Proof of Proposition 1. Let Vi(x) =Y, — g(z) — ¢'(z)(X; — x). As M,(z) is a sum of
martingale differences it suffices to check conditions of martingale CLT (cf Chow and

Teicher (1988)). Consider first convergence of conditional variance. We will prove that

1 n—1 X o —X
EZE(Vf(x)(clJr@ K (xb t)|ft_1)i>v§<x><m%+m%>, (21)
" =0 " "
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1 = X, — — X,
— ZE (5?(01 + et x)ZKQ (u) |-7:t—1) = v} () (ket 4 A3), (23)

n—1

— Xi1—x r—X r— X;_
ZE(stW(x)(clJch e+ e tbl )K( ; t)K( ; ! 1) m_l)
t=0 n n n n
= op(nby,). (24)

Let Ai(u) = [Zi-1 + a1u — g(x) — ¢'(2) (Vo1 +u — 2)]*f.(u) and
By(y,r) = |Zi—1 + ar(y = Yier) — g(2) = (y — 2)g'(2)[" fe(y — Vi)

Write Bi(y) := B:(y,2). Consider first (21) and observe that

T e )

=t [ Ao+ Vi o) ()

= /Bt(x —byv)(c1 + CQU)2K2(/U) dv. (25)

Thus the left hand side of (21) equals [(c; + c2v)2K?(v)H,(x — b,v) dv with

As By(x) is ergodic, in order to prove (21) in view of ergodic theorem and symmetry of K,

it suffices to show that

sup |H,(z +0) — H,(z)] — 0 (26)
|6]<6n

in probability when 6, — 0. Observe that |B;(x 4+ §) — B(z)| is bounded by

[Ziy 4+ ar(z + 0 — Yiq) — g(x) — 64 (2) | fo(z — Yiea + 6) — folz — Yioa) |+
[Zi—1 + ar(z + 0 = Y1) — g(2) = 09/ ()" = [Ze1 + ar(z — Yier) — g(@)]*|fe(2 — Yia)
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< 2L6([Zi-1 — g(x) — ar Y] + [aa(z + 6) — 0g'(2)]?)
+ OOl Ze-a| + |ar(@ — Yier)| + |aid| + |g(x)] + |69 ()],
where L is the Lipschitz constant of f., as Lipschitz continuity of a density f. implies that

it is bounded. ;From this using ergodicity again (26) easily follows. In order to prove (22)

observe that its LHS can be written as

b_n S 1/2 . / _ B 2
n ; { /K(U)Bt (z — bpv)(c1 + o) f1% (@ — Yoy — byv) dv}

bn n—1 ,
s Z / K(v)By(x — byv)(c1 + cov)* dv / K@) fe(z — Yy — byv)dv <
=0

< Cbn/ﬁn(x — byv)(ey + cov)? K (v) dU/K(U) dv

using boundedness of f. again. It follows from the proof of (21) that the bound tends to
0. Proofs of (23) and (24) are similar and thus we omit the details.
It remains to verify the Lindeberg condition. Let =; = Vi(z)(c1 4+ co( X — ) /b,) Ky, (z—

X;). By assumptions on K, similarly as (25), we have for some function Cy(z) that

(50| F) = O@i%AQ%@—@WAHOQMH@MNK@NPM
= O Zea|? + Yioa|? + Co(a)].

Since Elg;|? < oo, ¢ > 2, we have E|Z|? = O(bL"9). We can similarly obtain that

E{lei(c1 + o( X1 — 2)/0,) Ky, (2 — X3 1)]9} = O(bL7%). Hence nE|my,(x)\/b,/n|? =
n(b,/n)20(bL-7) = o(1) since ¢/2 > 1, nb, — oco. The Lindeberg condition follows. <

5.2 Proof of Theorem 1

By extension of Theorem 1 in Wu and Mielniczuk (2002), under (i) and (ii), we have
Vnb,[S,(x) — ES,(7)] = Op(1). By Remark 1, Eo,(z) — 0. Furthermore, it is easy to see
that ES,(z) — f(z)S. Note that the last matrix is positive definite. So the second term
in (17) is of order op[(nb,)~'/?]. Therefore, by Proposition 1 and (19), it remains to show
that the second term N, (z) in (18) satisfies || N,(z)|| = O(n~%/?) since b, — 0. To this
end, let

Q) =Y B.(w) (27)
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and H,(y) = Qn(y) — EQu(y). Then nN,(z) = [ Hy(x — byv)(c1 + cov) K (v)do.
Let (£})iez be an i.i.d. copy of (az)zez and define

Y, = Y, —a180 + arp1€p,
Zi = Y, — @280 + ar428,
Up = lai(y—Y) + 2 — g(z) — g'(2)(y — @) fo(y — V),
Ul = laly—Y))+ 2 —g(x) = g'(x)(y — o) fely = V).

Since f. is bounded and Lipschitz continuous, elementary calculations show that there

exists a constant C, independent of ¢, z and y such that

U, = U < Cllaeal + laesaDllg@)] + 1yl + 1+ 19/ @) ly ]
Note that E(U/|Fy) = E(Uy|F_1). By Jensen’s inequality ||PoUs|| < ||U;—Uj||. By Theorem
1 in Wu (2007) and (i),

[ Hn ()]l < \/ﬁi [Pl < CVnllg(@)| + [yl + 1+ |g'(2)lly — =].
Using Schwarz’s inequalitt; Owe have
[N ()| < / [ (2 = buv)ller + 20| K (v)]dv = O(v/n),
Hence we have
(nbn)' 2 [ () — (ES,(2)) " Bin(2)] = N(0, (v}(2) + v3(2))S 28"/ f*(x)),  (28)

where §* = diag(k, \). Clearly (28) implies Theorem 1. &

5.3 Proof of Theorem 2

The proof of Theorem 2 follows from Theorem 1 and the following Theorem 3. Let W, =
Z;’io digi—; = (Yt, Zt)T, where d; = (ai+17 ai+2)T7 S, = ?;01 W,.

Theorem 3. Assume that (i) and (ii) of Theorem 2 are satisfied. Then we have

TN () — e T (0)S, s 0 (29)
and
DN () 25 N(0, 2T (0)1(0)T). (30)

On
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Proof of Theorem 3. Let H,(y) be defined in the proof of Theorem 1; see (27). Reasoning

as previously and using symmetry of kernel K we have
nN,(z) = /Hn(x —byv)(c1 + cov)K(v) dv = ¢1 Hy () + op(0y,).

The first statement follows from Proposition 3 below as it implies that H,(z) — J._(0)S,, =
op(c,). The second statement follows from the first and the fact that o,,'S,, 2, Ny(0,1)
(cf Lemma 8 in Mielniczuk and Wu (2004)). Let W, , = E(W,,|F) and W,,;, = W,, —
W,, - Moreover, let J,(u) = EJ(u+ W,).

Proposition 2. Let (g;) be an i.i.d. sequence with mean 0, Ele;|? < oo for some q > 2,

and assume that the density function f.(-) satisfies
sup{|2(w)| + |£(u)| + fo(w)} < . (31)
Then
[0 (Wo0) = Tt (W, 1) = T (0)dneo| = O(n™) (32)
for any " € (B, Bo), where By = min{23,qB/2,8+ (26 = 1)/(2p)} and p = q/(q - 2).
To prove Proposition 2, we need the following lemma.

Lemma 1. For anyn € N, J,, is twice differentiable. Furthermore, there exists a constant

C < o0, such that for any u € R? and n € N,
[Jn(u)] + [ Ly (@)] + |, (w)] < C(1 + [ul), (33)

where Ly(u) is the local Lipschitz constant of the function g:

L) = sup 9() —g()|

y#u: [y—ul<1 |y - 11|

Proof of Lemma 1. Let C' be a finite generic constant the value of which may vary from
line to line. Recall that J,(u) = EJ(u+ W,,). Using the form of L Lemma 1 follows

easily by simple calculations. &
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Proof of Proposition 2. Let U = Jui1(W,, o) — Joy1(W,, 1) — J} 1 (W, _1)dneo. Let
0 = d,go. Then

E(UP)/2 < E(UlLg<l?) +E(ULgs[)
< E(|Ly, (W, D[0P Ls5i<1]?) + 3E(| Jus1 (W, )| Lg51)?
+ BE(|Jnr1r (W, ) js11)* + 3E(| 1 (W, _ )10 T551)7]

= I,+ 1, + 1, + IV,

By Lemma 1, and the fact that W, _; and ¢ are independent, we have I,, = O(|d,|),
where gy = min(q,4). Similarly, II1,, + IV,, = O(|d,|?). For II,,, again, by Lemma 1,

0,/3 = E(Jus1(W,_y +0)[ i551) < CE(L+ [W,, i )’E[(1 + [8])*Tj5151]
< CE[(1+[8])*15151] < 2CE[|6[* L 551] < 2CE[6]7 = O(|d,|)

Thus, [|U]| = O(|d,|®/?). Denote J,,(W, o+ dng) — Ju(W,o) — Jo(W,, o)dne) by V,
where {/,i € Z} is an i.i.d. copy of {g;,7 € Z}. Similarly as U, ||V|| = O(|d,|%/?). Hence
we can get that [[J,1(W, ) — Jo(W, )| = O(|da|®/?) in view of J,i1(u) — J,(u) =

E[J,(u + d,e)) — Jn(u) — dpelJ) (u)], and Jensen’s inequality. To finish the proof of the

theorem, it suffices to show that

170 (W, _y) — Jo(0)]| = O(rY/ 7)), wherern—Zm 2. (34)
1+1

It is easy to see that J (0) = E(J} (W, _)) for any n. Let W) | = > d;e
A=W, , —-W, ;. We have

n—i’

1741 (W, 1) = S (0)]

IE[, (W, ;) — J;LH(W Dlle—1,e-2,..
1T (Wo, y) = T (W5 )]
| Lps (W ) A A<t

+HJ':L+1(W:; 1)IIA|>1H + H n+1(Wn,fl)[|A|>lH
= I+ I+ III).

IN

IN

By Lemma 1 and Hélder’s inequality,
(1) < (BLLS, (Wi DY U(E[AP i)'
< CE[JAPPIaa))V? < CE[IAP L)) ? = O(ry/?)

Similarly, it can be shown that II/, + III] = O(r,l/ @ )). Thus (32) holds. &
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Proposition 3. Let S, = 3" W;. We have ||H,(z) — J/_(0)S,|| = O(n*/>"") for 3’
defined in Proposition 1.

Proof of Proposition 3 . The proof is analogous to the proof of Theorem 2 in Wu (2003).
Let T, = J(W;) — J. ()W, 0; = ||PoTi||, and ©; = 3_°_6;. Then

[H () = T (0)S,]* = Z 175 H TSP < > D6l

j=—00 j=—oc0 i=0

n—1 n—1 -1 n-—1 —n—1 n—1
0l + Y D 0P+ > D0 =1 + 11 + III;,

7=0 1:0 j=—mn =0 j=—00 =0

By Proposition 1, we have that 6, = O(n="), ©, = O(n*~?). Thus, I} < n[>1~ 0> =

O(n@?_,) = O(n*2%). Similarly, II* + III* = O(n?>~?%"). Thus Proposition 3 holds. ¢
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