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Abstract. In many practical applications of machine learning, a
discrepancy often arises between a source distribution from which la-
beled training examples are drawn and a target distribution for which
only unlabeled data is observed. Traditionally, two main scenarios
have been considered to address this issue: covariate shift (CS),
where only the marginal distribution of features changes, and label
shift (LS), which involves a change in the class variable’s prior dis-
tribution. However, these frameworks do not encompass all forms of
distributional shift. This paper introduces a new setting, Conditional
Probability Shift (CPS), which captures the case when the condi-
tional distribution of the class variable given some specific features
changes while the distribution of remaining features given the spe-
cific features and the class is preserved. For this scenario we present
the Conditional Probability Shift Model (CPSM) based on modeling
the class variable’s conditional probabilities using multinomial re-
gression. Since the class variable is not observed for the target data,
the parameters of the multinomial model for its distribution are esti-
mated using the Expectation-Maximization algorithm. The proposed
method is generic and can be combined with any probabilistic clas-
sifier. The effectiveness of CPSM is demonstrated through experi-
ments on synthetic datasets and a case study using the MIMIC med-
ical database, revealing its superior balanced classification accuracy
on the target data compared to existing methods, particularly in situ-
ations of conditional distribution shift and no prior distribution shift,
which are not detected by LS-based methods.

1 Introduction

1.1 Motivation

In many real world applications aiming at classification of objects,
the source distribution P , from which we sample labeled training ex-
amples, with a label denoting a class variable, differs from the target
distribution Q, where only unlabeled data is observed [37, 3, 14].
This situation occurs, for example, in medical applications, where,
models trained on patients from one hospital do not necessarily ad-
equately generalize to new data from other hospitals [38, 28]. The
shift in the distribution of diseases and/or patient parameters may
be related, among other factors, to socio-economic differences in the
studied populations or outbreak of an epidemic [25]. Also, in bank-
ing, distribution of credit repayments and defaults may change in
time [30].
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In general, it is not possible to make inferences for the target data
based on information obtained solely from the source dataset [8], and
further assumptions are needed to enable training the classifier. There
are two natural scenarios, which can be considered: covariate shift
(CS) and label shift (LS). Under the covariate shift (CS) scheme, we
assume that only the marginal distribution of features changes, and
the posterior distribution remains unchanged. Label shift (LS) stip-
ulates that the prior distribution of the class variable changes, while
the conditional distribution of features given labels remains the same
for the source and target datasets. LS aligns with the anti-causal set-
ting in which the class variable determines the features, e.g. in med-
ical applications, where symptoms are caused by disease [27, 16].
The LS assumption stipulates that the distribution of symptoms in
the presence of the disease is the same in the source and target data.

Obviously, the above two scenarios do not cover all possibilities
of distribution shifts. Recently a novel SJS (Sparse Joint Shift) as-
sumption [6, 31, 32] has been introduced, which is a generalization
of label shift and sparse covariate shift. Namely, it is assumed that
distribution of class variable and some features change, but the re-
maining features’ distribution conditional on the shifted features and
class variable is fixed.

SJS encompasses, as a special case the shift in the marginal distri-
bution of the chosen features only. This situation, however, is of mi-
nor interest for the classification problem because, as we show in the
following, the class posterior probabilities for the source and the tar-
get datasets match in this case. Much more interesting and challeng-
ing is the shift of the conditional distributions of the class variable
given some features. Motivated by this, in this paper we introduce a
new setting called CPS (conditional probability shift), which covers
the most interesting case within the SJS framework.

In particular, we can observe a shift in the conditional distribution
of the class variable given some features, while its marginal (prior)
distribution is preserved, which means that there is no label shift. To
stress this important point, we discuss the following example (see
Figure 1) in which the class variable is the occurrence of a disease,
and additionally we consider the age variable with two categories:
’≤40 years’ and ’>40 years’. For the source data, the probability of
succumbing to the disease in the group of older people (equal 0.4) is
twice as high as in the group of younger people (equal 0.2). In the
target data, on the other hand, the probability increases in the older
group to 0.5, while in the younger group it equals 0.1. Therefore, we
observe a change in the conditional distribution of the disease, while
its prior distribution, in the case where both ages of the group are
equally likely, remains the same for the source and target data and is

The Conditional Probability Shift Model

ECAI 2025
I. Lynce et al. (Eds.)

© 2025 The Authors.
This article is published online with Open Access by IOS Press and distributed under the terms

of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/FAIA251147

2890



equal 0.3. The above situation may occur when the target data refers
to a population in which disease prevention for the elderly is at a low
level compared to the source population.

Figure 1. Example of a shift in the conditional distribution of a class
variable denoting the occurrence of a disease given the age (1st row) :
P (Disease|Age) �= Q(Disease|Age). The prior distribution of the

disease is the same for the target and source distributions
P (Disease) = Q(Disease) (no label shift). The empirical conditional

distribution of the feature (intensity of symptoms) given disease and age are
approximately the same for source and target data up to estimation error

(2nd row).

1.2 Contribution

In this work, we propose a new model, called CPSM (Conditional
Probability Shift Model) that relies on the CPS assumption. The main
idea of the method is to model the conditional probability of a class
variable given some of the features using multinomial models for the
source and target data. Estimating the model parameters for the tar-
get data is challenging because we do not observe the class variable.
Therefore, we use the Expectation-Maximisation algorithm, which
allows us to iteratively estimate the parameters of the multinomial
model as well as the posterior probability of the class on the target
data.

Experiments conducted on artificial data as well as a case study on
the medical MIMIC database show that the method provides higher
classification accuracy than competing methods dedicated to LS and
SJS schemes. In particular, there is a significant advantage over meth-
ods dedicated to the LS scheme (such as BBSC or MLLS described
below) in the case when the conditional distribution is shifted but the
prior probability of the target variable does not change.

1.3 Related work

The shift of distributions between source and target data is an im-
portant problem in machine learning and therefore in recent years
much attention has been paid to detecting such a situation [24, 15]
and adapting models based on the source data [7, 29, 16].

The CS scheme involving a shift in feature probability distribution
is less conceptually demanding, since the feature vector is observed
for both the source and target data and posterior probabilities do not
change. The dominant approach is based on weighted risk minimiza-
tion [29], where the weights are usually determined using matching
techniques, such as Kernel Mean Matching [12].

Label Shift (LS) and a more general sparse joint shift (SJS) are the
two most closely related frameworks to the scenario studied here.
Under LS assumption, there are two dominant approaches: BBSC
(Black-Box Shift Correction) [16] and MLLS (Maximum Likelihood
Label Shift) [26]. BBSC method introduces importance weights that
are estimated using the confusion matrix. The weights are then incor-
porated into the risk function, which is optimized on the source data
to train a final classifier. Regularized Likelihood Label Shift (RLLS)
[2] is a variant of BBSC which introduces novel regularization of
weighted likelihood to compensate for the high approximation er-
ror of the importance weights. The approach based on weighted risk
function is also used in other methods, such as the method called
ExTRA [18], where the weights are estimated using exponential tilt
model and distribution matching technique. The ExTRA method al-
lows for covariate and label shift to occur at the same time. The above
methods require retraining; the first model is trained on the original
source dataset, and the second model is trained on the dataset with
assigned sample weights. This can be computationally expensive, es-
pecially for large-scale data. On the other hand, the MLLS method
[26] avoids this drawback by calibrating class posterior probabilities.
The method exploits the fact that the class posterior probability for
the target data can be written as a transformation of the class poste-
rior probability for the source data, with the scaling factor depending
on the unknown target class prior. Since the class variable is not ob-
servable for the target data, the EM procedure is used, which allows
iteratively estimating the posterior and prior probabilities for the tar-
get data. The method proposed in this paper is based on a similar
idea, but the main difference is that instead of estimating the class
prior, we estimate the parameters of a multinomial model associ-
ated with the conditional probabilities. When combined with deep
neural networks, the MLLS method can be further improved by us-
ing a calibration heuristic called Bias-Corrected Temperature Scaling
(BCTS) [1]. In [9], the BBSC and MLLS are analyzed theoretically,
in particular consistency conditions for MLLS, including calibration
of the classifier and a confusion matrix invertibility, are provided. LS
problem is recently modified to allow for partial observability of the
source data, e.g. in [20] it is assumed that it is Positive-Unlabeled
(PU).

The SJS scheme, which generalizes LS, was proposed very re-
cently and therefore not as many algorithms have been developed
yet as for LS. SEES [6] is, to the best of our knowledge, the sole
method developed under SJS assumption. Discussions on the the-
oretical properties of the SJS scheme can be found in [32]. SEES
determines sample weights by minimizing distance between the in-
duced feature density and the target feature density.

Finally, let’s mention that there are other interesting issues related
to the distribution shift. For example, domain adaptation is a research
area concerned with a problem for which data availability is similar
to that discussed here. Namely, for Unsupervised Domain Adapta-
tion (UDA) the source data consists of a set of labeled data and unla-
beled data, the latter possibly coming from different distribution than
the labeled data. The task then consists of building a classifier based
jointly on those two types of source data, which is meant to classify
new observations following a target distribution, usually equal to dis-
tribution of unlabeled source data. For recent advances of UDA see
e.g. [17]. Another related problem is out-of-distribution (OOD) de-
tection, where the target unlabeled observations follow a mixture of
the source distribution and an unknown distribution of outliers. The
goal is to decide whether the given target observation is drawn from
the source distribution or from the distribution of outliers, based on
a classifier trained on the source data [23, 36].
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2 Conditional Probability Shift Model

We consider a K-class classification problem, where each instance
is described by a feature vector (x, z) ∈ X × Z and class vari-
able (label) y ∈ Y , where Y = {1, . . . ,K} is the output space.
Feature vector z is considered separately from the remaining feature
vector x since it will determine the shift of the conditional distribu-
tion of labels as a conditioning variable. Furthermore, let P and Q
denote respectively the source and the target probability distributions
on X×Z×Y and let p(x, z, y) and q(x, z, y) denote the correspond-
ing probability densities or probability mass functions. It is assumed
that the source and the target distributions differ. Importantly, for the
source dataset we observe x, z, y, whereas for the target dataset, we
only observe feature vector (x, z), whereas class y is not observed.
The goal is to predict y in the target dataset.

There are various ways to approach distribution shift between a
source data distribution P and a target data distribution Q [37]. With-
out any assumptions concerning the relation between P and Q, the
task is clearly infeasible. The existing works focus mostly on co-
variate shift and label shift. The covariate shift (CS) [12, 4] means
that the difference in distributions of (x, z, y) is due to a difference
in distribution of covariates: p(x, z) �= q(x, z), whereas the condi-
tional posterior distribution is preserved, i.e. p(y|x, z) = q(y|x, z).
On the other hand, for label shift (LS) [16, 26, 1, 2] it is assumed
that the difference in distributions results from the difference in prior
distributions: p(y) �= q(y), but the conditional distribution of the
feature vector given class variable is preserved, i.e. p(x, z|y) =
q(x, z|y). Recently, in [6, 32], more general assumption has been
introduced, called Sparse Joint Shift (SJS). Under SJS, we have that
p(x, z, y) �= q(x, z, y) is due to the fact that the joint distribution
of label y and part of the features z is shifted p(y, z) �= q(y, z),
but the conditional distribution of x given y and z is preserved, i.e.,
p(x|y, z) = q(x|y, z). The considered extension is important from
practical point of view: consider e.g. y being a certain disease, x
its symptoms and z an age category. Assuming that the data dis-
tribution changes in time, condition p(y, z) �= q(y, z) means that
change of occurrence of disease differs in various age categories, but
the assumption p(x|y, z) = q(x|y, z) signifies that characteristics
of symptoms is unchanged given illness and age. Figure 1 (bottom
row) illustrates this situation. The distribution of symptom intensity
(variable x) conditional on age (z) and disease occurence (y) remains
approximately the same for the source and target data; slight differ-
ences result only from the fact that these are empirical distributions,
estimated from the data. We stress that even in anti-causal setting it
may happen that p(x|y, z) = q(x|y, z) but p(x|y) �= q(x|y) due to
p(z) �= q(z).

Table 1. Types of shift in joint distributions between source and target
domains. CPS stands for the Conditional Probability Shift scheme

considered in this paper. MS denotes marginal shift of z.

Distribution shift Source domain Target domain

p(x, z, y) q(x, z, y)

Covariate shift p(x, z)p(y|x, z) q(x, z)p(y|x, z)
Label shift p(y)p(x, z|y) q(y)p(x, z|y)
Sparse Joint Shift: p(z,y)p(x|z, y) q(z,y)p(x|z, y)
-case 1 CPS p(y|z)p(z)p(x|z, y) q(y|z)p(z)p(x|z, y)
-case 2 CPS + MS p(y|z)p(z)p(x|z, y) q(y|z)q(z)p(x|z, y)
-case 3 MS p(y|z)p(z)p(x|z, y) p(y|z)q(z)p(x|z, y)

Observe that under SJS assumption, in view of p(y, z) =
p(y|z)p(z), the shift of (y, z) distribution can be associated with two
possible shifts. First, it can happen that the conditional distributions

do not change, i.e. p(y|z) = q(y|z), and the shift p(z, y) results
only from the fact that p(z) �= q(z). However, provided p(x|y, z) =
q(x|y, z), such situation does not cause any new problems for classi-
fication, because then q(y|x, z) = p(y|x, z). This follows e.g. from
Theorem 1 below. The second case when p(y|z) �= q(y|z) is much
more interesting. So, in this paper we introduce a novel shift assump-
tion, which extracts the most important case from SJS assumption,
corresponding to the change in conditional distributions.

Assumption (CPS). Under Conditional Probability Shift (CPS) as-
sumption, the difference in distributions p(x, z, y) �= q(x, z, y) is
solely due to the fact that the conditional probability q(y|z) of label
y given features z is shifted : p(y|z) �= q(y|z), but p(z) = q(z) and
the conditional distribution of the remaining features x given y and
z is preserved, i.e.

p(x|y, z) = q(x|y, z). (1)

Table 1 summarizes the different types of shift in probability dis-
tributions. Bold lettering corresponds to quantities which change for
P and Q. We stress that (1) is assumed in both CPS and SJS intro-
duced previously. The difference is that in SJS the shift is associated
with the distribution (y, z) while in CPS specifically with the condi-
tional distribution y given z. The CPS assumption excludes the case
of marginal interest from the SJS assumption (case 3 in Table 1) and
covers more interesting situations (cases 1 and 2 in Table 1). In this
paper, in the CPS setting, inference is based on the modeling of con-
ditional distributions p(y|z) and q(y|z). We will show in the follow-
ing that (1) is a valuable side information that allows classification to
be performed despite the occurrence of distributional shift.

Let us also note that the term sparse, used in SJS, referred to
the fact that the z-dimension is significantly smaller than the x-
dimension. Unlike in SJS, in our approach, this assumption is not
needed and the z-dimension with respect to the x-dimension can be
arbitrary, although in practice it is usually low. Obviously, when z is
the null vector, the assumption of SJS coincides with LS.

The following theorem will be crucial to our method. It shows the
relationship between the posterior probabilities for the source and
target domains. It is stated in [32] using different formalism and as-
sumptions, here we state and prove it in probabilistic setting. It gen-
eralizes the result for the LS scheme, provided in [26].

Theorem 1. Assume that (1) holds. Then we have for k = 1, . . . ,K

q(y = k|x, z) =
p(y = k|x, z) q(y=k|z)

p(y=k|z)∑K
l=1 p(y = l|x, z) q(y=l|z)

p(y=l|z)
.

Proof. Let us denote r(x, z) := p(x|z)
q(x|z) . Using Bayes’ theorem and

assumption (1) we get

q(y = k|x, z) =q(x|z, y = k)q(y = k|z)
q(x|z) =

p(x|z, y = k)q(y = k|z)
q(x|z)

=
p(y = k|x, z)p(x|z)q(y = k|z)

p(y = k|z)q(x|z)
=p(y = k|x, z) · r(x, z) · q(y = k|z)

p(y = k|z) .

Then using the fact that
∑K

k=1 q(y = k|x, z) = 1, summation over
k of the above expression yields

r(x, z) =

[
K∑
l=1

p(y = l|x, z) q(y = l|z)
p(y = l|z)

]−1

,

which ends the proof.
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The theorem justifies why considering the CPS scheme is impor-
tant within the general sparse joint-shift situation. It indicates that
provided (1) holds, in order to recover the class posterior q(y|x, z),
we only need to estimate quantities p(y|x, z), p(y|z) and q(y|z), but
neither p(z) nor q(z). The class posterior q(y|x, z) is then used to
classify observations on the target set based on the standard Bayes
rule:

ŷ = argmax
k

q(y = k|x, z) (2)

or its variants, taking into account imbalance of the classes.

3 Modeling shifted conditional distribution of
labels: EM approach

We propose to model the conditional probabilities p(y = k|z) and
q(y = k|z) using a multinomial regression models. Estimation of
the first probability p(y = k|z) is straightforward using multinomial
regression because we observe both z and y for the source data. How-
ever, it is not evident how to estimate q(y = k|z), as class indicator
y is not observed for target data. We consider a family of soft-max
functions indexed by θ:

qθ(y = k|z) = exp(θk,0 + zT θk)

1 +
∑K−1

l=1 exp(θl,0 + zT θl)
, 1 ≤ k < K, (3)

where θ = (θ1,0, . . . , θK−1,0, θ1, . . . , θK−1)
T is a vector of param-

eters. Additionally, we have qθ(y = K|z) = (1+
∑K−1

l=1 exp(θl0 +
zT θl))

−1. Assume that the true probability q(y = k|z) = qθ∗(y =
k|z), for some unknown ground-truth parameter θ∗. In the following,
we propose an estimation method of θ∗, which in turn will allow us to
estimate q(y = k|x, z) using Theorem 1. Define indicator of the k-th
class as yk = I(y = k). Using q(x, z, y) = q(z)q(y|z)q(x|y, z) the
log-likelihood function for a single observation in target population
can be written as

l(θ;x, y, z) = log
K∏

k=1

qθ(x, z, y = k)yk (4)

=

K∑
k=1

yk log[q(z)] +
K∑

k=1

yk log[qθ(y = k|z)]

+

K∑
k=1

yk log[q(x|z, y = k)] = log[q(z)] +

K−1∑
k=1

yk[θk,0 + zT θk]

− log

[
1 +

K−1∑
l=1

exp(θl,0 + zT θl)

]
+

K∑
k=1

yk log q(x|z, y = k).

Note that the first and last term in the expression above do not de-
pend on θ due to CPS assumption 1. Since yk is not observed for
the target data, we can treat it as a latent variable and maximize
the above function using the Expectation-Maximisation (EM) al-
gorithm (see e.g. [11], Chapter 8). Let us denote by L(θ,Dt) =∑

(x,z,y)∈Dt
l(θ;x, y, z) the (unobservable) log-likelihood function

for all observations in the target dataset Dt.

1. Expectation step (E step): determine the expected value of the
log likelihood function, with respect to the current conditional dis-
tribution of y given x and z corresponding to the current estimate
of the parameter θ̂(t):

Q(θ|θ̂(t)) = Ey∼q
̂θ(t)

(y|x,z)L(θ;Dt)

=
∑

(x,z)∈Dt

K∑
k=1

q
̂θ(t)(y = k|x, z) log [qθ(x, z, y = k)] ,

where q
̂θ(t) is given by the formula

q
̂θ(t)(y = k|x, z) :=

p(y = k|x, z) q̂θ(t)
(y=k|z)

p(y=k|z)∑K
l=1 p(y = l|x, z) q̂θ(t)

(y=l|z)
p(y=l|z)

which uses Theorem 1. Here, we assume that p(y = k|x, z) and
p(y = k|z) are known. Obviously, in practice, they have to be es-
timated. In the proposed method, we first estimate p(y = k|x, z)
and p(y = k|z) using source data, and then apply the EM proce-
dure using target data.

2. Maximization step (M-step): find the parameters that maximize

θ̂(t+1) = argmax
θ

Q(θ|θ̂(t))

= argmax
θ

∑
(x,z)∈Dt

[K−1∑
k=1

q
̂θ(t)(y = k|x, z)[θk,0 + zT θk]

− log[1 +

K−1∑
l=1

exp(θl,0 + zT θl)]
]
,

where the second equality follows from the reasoning in (4). Thus,
in step M, instead of maximizing the log-likelihood which is un-
observable, we optimize its expected value with respect to y, given
the current value of the estimated parameter. The above optimization
problem is concave and thus can be solved using standard gradient
methods such as SGD or ADAM. The following theorem states the
main property of the EM algorithm, namely that at each step of the
EM procedure, the value of the marginal log-likelihood function for
the observed data (x, z) does not decrease. In order to facilitate read-
ing, in the supplement [33], we give the proof for our setting when y
is a latent variable.

Theorem 2. Let lobs(θ;x, z) = log qθ(x, z) = log
∑

k q(z)qθ(y =
k|z)q(x|y = k, z) and Lobs(θ,Dt) =

∑
(x,z)∈Dt

lobs(θ;x, z). The
following inequality holds

Lobs(θ̂
(t+1),Dt) ≥ Lobs(θ̂

(t),Dt)

If optimization in M-step is performed over a a bounded set, it fol-
lows from Theorem 2 in [35] that all limit points θ∗ of the sequence
(θ̂(t)) are stationary points i.e. ∇Lobs(θ

∗,Dt) = 0.
As discussed above, application of the EM procedure is preceded
by the estimation of p(y = 1|z) and p(y = 1|x, z) based on the
source data. We assume that p(y = 1|z) is modeled using multino-
mial logistic regression (MLR), which is natural since z is usually a
low-dimensional vector containing only a few variables. The ques-
tion arises what model we should use to estimate p(y = 1|x, z)? Of
course, allowing for incorrect specification, we can use any classi-
fication model which yields estimates of posterior probabilities, but
the following Theorem shows that, with the additional assumption
that the distribution of x given features z and label y is Gaussian, the
adequate choice is also MLR. In view of the theorem below, we use
MLR as a basic model in our experiments to estimate p(y = 1|x, z),
although other models such as deep neural networks are also applied.
The proof is in the supplement [33].

Theorem 3. Consider class variable y ∈ {1, . . . ,K}, z ∈ Rd

and assume that p(y = k|z) = exp(ω∗
k0 + zTω∗

k)/[1 +∑K−1
l=1 exp(ω∗

l0 + zTω∗
l )], for 1 ≤ k ≤ K − 1, where ω∗

k0, ω
∗
k

are unknown ground-truth parameters. Moreover, assume that con-
ditional distribution of x given y, z is N (Mz + akyk, I), where
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M ∈ Rp×d, ak ∈ Rp and yk = I(y = k). Then the posterior
probability of y, given x, z is also described by softmax function

p(y = k|x, z)
exp[xT (ak − aK) + zT (MT (aK − ak) + ω∗

k) + c]

1 +
∑K−1

l=1 exp[xT (al − aK) + zT (MT (aK − al) + ω∗
k) + c]

where constant c = 0.5(aT
KaK − aT

k ak) + ω∗
k0.

4 Experiments

In the experiments, we aim to address the following research ques-
tions. 1) What is the accuracy of the proposed CPSM method com-
pared to existing methods dedicated to the LS and SJS scenarios?
2) How accurately do we approximate the posterior probability for
the target data using the methods considered? 3) How does the mag-
nitude of the shift in the conditional distributions affect the results?
4) What is the performance of the method in a situation where we
observe a shift in the conditional distributions q(y|z) �= p(y|z) but
there is no change in the marginal distributions, i.e. q(y) = p(y)?
5) How does the number of instances in the data and the class prior
probabilities affect the performance of the method?

4.1 Methods and evaluation

We compare the method CPSM proposed here 1 with the following
baselines: ExTRA (Exponential Tilting Model) [18], SEES (Shift Es-
timation and Explanation under SJS) [6], MLLS (Maximum Likeli-
hood Label Shift) [26], BBSC (Black-Box Shift Correction) [16] and
also the NAIVE method in which a classification model is trained on
the source data and applied to the target data without any corrections.
Recall, that MLLS and BBSC are methods developed assuming the
LS scenario.

In the case of competing methods, we use implementations made
publicly available by the authors. To make the comparison reliable, in
all iterative methods (CPSM, MLLS, ExTRA), we set the number of
iterations equal to 500. As base classifiers, we use logistic regression
(LR) model (for artificial data and MIMIC data) and also a neural
network (NN), for MIMIC data. In the case of LR, we use the imple-
mentation from the scikit-learn library [22], with default values of the
hyper-parameters. The NN consists of 3 layers, each of which has the
number of nodes equal to the number of input features. For optimiza-
tion, we apply the ADAM algorithm, the learning constant is equal to
0.0001, and the batch size is 10. We use the implementation from the
PyTorch library [21]. In the ExTRA method, we used T (x, z) = z as
the sufficient statistic. We emphasize that all described methods are
generic and can be combined with any probabilistic classifier.

In the experiments, we focus on the case of binary classification,
for which the classification rule has the form: q(y = 1|x, z) > t,
where t is a threshold. The choice of t = 0.5 corresponds to
Bayes’ rule (2) and maximization of classification accuracy. Since
in the considered data, classes are usually strongly imbalanced, in-
stead of the accuracy score on the target data, we consider the
Balanced Accuracy, the maximization of which results in the rule
q(y = 1|x, z) > q(y = 1) (see [19], Section 4), and q(y = 1) is
estimated by the respective algorithm as an average of q̂(y = 1|x, z)
over all samples. In addition we consider the Approximation Er-
ror defined as |q̂method(y = 1|x, z) − q̂oracle(y = 1|x, z)|, where
q̂method(y = 1|x, z) is estimator pertaining to the considered method,

1 The source code: https://github.com/teisseyrep/CPSM

whereas q̂oracle(y = 1|x, z) is estimator which results from the model
trained on target data and assuming knowledge of y. The Approxi-
mation Errors are averaged over all instances (x, z) in target data. We
also analyzed (see Appendix0 the Expected Calibration Error (ECE)
[10], which allows us to check how well the estimated probabilities
are calibrated.

Figure 2. Balanced Accuracy for artificial data 1, for p(y = 1) = 0.05
and varying class prior for target data q(y = 1) = 0.05, 0.3, 0.5, 0.8.

Figure 3. Balanced Accuracy and Approximation Error wrt sample size for
artificial data 1, p(y = 1) = 0.05 and k = 5. The class prior for the target
data is q(y = 1) = 0.5 (top panels) and q(y = 1) = 0.8 (bottom panels).

4.2 Experiments on synthetic datasets

For datasets generated synthetically, we can easily control the val-
ues of various parameters such as p(y), q(y) and the relationship be-
tween y and z, as well as between x and (y, z). In synthetic dataset 1,
we consider a binary class variable y ∈ {0, 1}, and binary variables
zj ∈ {0, 1} being independent Bernoulli random variables such that
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p(zj = 1) = q(zj = 1) = 0.5 and let z = (z1, z2, z3, z4, z5)
T . For

synthetic dataset 2, zj ∼ N(0, 1), for 1 ≤ j ≤ 5 and are indepen-
dent. Moreover, in both cases, we assume that

p(y = 1|z) = 0.05, q(y = 1|z) = σ(θ0 + kzT�)

where � = (1, . . . , 1)T and σ : R → (0, 1) is logistic sigmoid
function. For fixed value k, we choose θ0 to control q(y = 1).
In total, we have 2 parameters whose values we will change in the
experiment: q(y = 1) and k. Finally, given y and z we gener-
ate x from 10-dimensional Gaussian distribution N (μ, I), where
μ = (y, z1, z2, z3, z4, z5, 0, . . . , 0)

T . This corresponds to the situ-
ation described in Theorem 3. Note that, given z and y, vector x is
generated in the same way for the source and target datasets, which
is consistent with the assumption (1) (a preliminary analysis of ro-
bustness of the CPSM method to violations of (1) is provided in the
supplement [33]). Importantly, we can distinguish 4 cases of interest:

1. No shift: for p(y = 1) = q(y = 1) and k = 0 there is no shift in
probability distributions.

2. LS: for p(y = 1) �= q(y = 1) and k = 0, label shift
(LS) occurs, which follows from p(x, z|y) = p(x|z, y)p(z|y) =
q(x|z, y)p(z) = q(x|z, y)q(z) = q(x|z, y), as y and z are inde-
pendent wrt P and Q and p(z) = q(z).

3. CPS: for p(y = 1) = q(y = 1) and k �= 0 there is no label
shift (LS), but there is shift in conditional distributions p(y|z) �=
q(y|z).

4. CPS + LS: for p(y = 1) �= q(y = 1) and k �= 0 there is label
shift (LS), and there is a shift in conditional distributions p(y|z) =
p(y) �= q(y|z) but p(x|y, z) = q(x|y, z).

We show results for dataset 1, and results for dataset 2 are in the
supplement [33]. In case 1, when there is no distributional shift, as
expected, all methods, including the naive method, perform compa-
rably (Figure 2, top left panel for k = 0). In case 2, when the label
shift occurs, we observe an increase in the accuracy of the investi-
gated methods in relation to the naive method (see Figure 2, all pan-
els except top left and k = 0). This effect becomes more pronounced
when q(y = 1) increases, which is associated with an increase in the
difference between p(y) and q(y). In cases 3 and 4 (k �= 0), when
the distribution of y given z changes between the source and target
datasets, we see a clear advantage of the proposed method. More-
over, the proposed method and SEES work better than the BBSC
and MLLS methods, because the former are based on the more gen-
eral SJS assumption, so they are adapted to detect and account for
the change in the conditional distribution of y given z. ExTRA is
much more variable than CPSM and SEES for q(y = 1) = 0.3 and
q(y = 1) = 0.5. We also note that CPSM performs similarly for the
first panel and k = 5 (case 3) and the other panels for k = 5 (case 4)
which shows that it is robust to the change in a marginal distribution
of y.

Figure 3 shows how the varying number of instances influences the
results for k = 5 and p(y = 1) = 0.05 (we assume that the target
data have the same number of observations as the source data). This
corresponds to case 4 listed above. As expected, Balanced Accuracy
increases with the sample size, while the Approximation Error de-
creases. Importantly, CPSM outperforms the other methods for all
sample sizes. Method ExTRA requires more data to reach the error
level of the other methods. For the naive method, the approximation
error remains high, regardless of the sample size due to misspecifi-
cation effects.

4.3 Case study: MIMIC database

We perform experiments on large clinical database MIMIC [13], con-
taining information on 33166 patients of various intensive care units
whose diagnosis is recorded using the coding scheme ICD-9. In the
analyses we focused on adult patients only (>16 years). As class
variables we consider indicators of 4 families of diseases, which
were already used in previous studies: COPD (Chronic Obstructive
Pulmonary Disease; ICD-9 codes 490–496), DIABETES (Diabetes
mellitus, ICD-9 codes: 249–250), KIDNEY (Kidney disease; ICD-9
codes: 580–589) and FLUID (Fluid electrolyte disease, ICD-9 codes:
276) [5]. The percentage of patients with individual diseases was 7%,
14%, 38% and 37% for COPD, DIABETES, KIDNEY and FLUID,
respectively. The considered dataset contains 308 numerical features,
corresponding to some laboratory readings, medical scores and ad-
ministrative information such as age, gender, and marital status. Pre-
processing (normalization of variables, removal of missing values)
was performed following the steps used by other authors using this
dataset; details can be found in [5, 39, 34].

For the MIMIC dataset we introduce conditional probability shift
as follows. The conditioning variable z is either age or gender. The
patient’s age is discretized into two categories ’<60 years’ (z = 0)
and ’>60 years’ (z = 1). In case of the gender variable, the value
z = 1 refers to males, and the value z = 0 refers to females.
Age and gender are natural choices for a conditioning variable be-
cause most of the other variables are clinical symptoms and diag-
nostic test results. We artificially sample source data in such a way
that p(y = 1|z = 0) = p(y = 1|z = 1) = p(y = 1) = a,
where a is a varying parameter. Moreover, for the target data, in or-
der to allow for shifts, we sample observations in such a way that
q(y = 1|z = 0) = a, and q(y = 1|z = 1) = a + k, where
k is an additional parameter that is controlled. By choosing larger
k, we increase the dependence between y and z in the target data.
The most interesting scenario is when the prevalence of the disease
in the source data is low. In this way, the source data can resemble
data collected before the increase in disease incidence, e.g. before the
outbreak of the pandemic. Therefore, in the experiments, we analyze
the results for a = 0.05, 0.1, 0.2. Moreover, we show the results for
k = 0.3, 0.5, 0.7. Note that k > 0 corresponds to a shift of condi-
tional distribution of y given z.

In the main part of the paper we show and discuss in detail the
results for one chosen target variable (DIABETES) and the situation
when the basic model is logistic regression and the conditioning vari-
able is age. The full results for all 4 diseases and other classifiers and
conditioning variables can be found in the appendix. Tables 2 and
3 contain the values of Balanced Accuracy and Approximation Er-
ror for the considered method, when logistic regression (LOGIT) is
used as a base classifier. The proposed CPSM emerges as the winner
in terms of Balanced Accuracy and Approximation Error for most
settings of parameters a and k, while SEES usually is the second
best. The advantage of CPSM over SEES is observed for a = 0.05
and a = 0.1, while for a = 2, SEES usually performs better. As
expected, in the case of CPSM and SEES, the classification accu-
racy increases with increasing k, which is related to the fact that the
discrepancy between the conditional distributions p(y = 1|z) and
q(y = 1|z) increases in such a case. We also observe a similar effect
for other methods, such as BBSC and MLLS. The conclusions are
very similar when the conditioning variable is gender (Tables 5 and
6 in the supplement [33]).

Tables 3-4 and 7-8 in the supplement [33] show analogous results
when the neural network (NN) is used as the base classifier. The per-
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Table 2. Balanced Accuracy score for MIMIC case study, for the conditioning variable: age. Predicted disease: DIABETES. The method with the highest
Balanced Accuracy is in red and the second best in blue. Logistic regression is used as a base classifier.

a k NAIVE ExTRA [18] BBSC [16] MLLS [26] SEES [6] CPSM

0.05 0.3 0.548 ± 0.012 0.592 ± 0.065 0.625 ± 0.019 0.616 ± 0.017 0.579 ± 0.021 0.637 ± 0.007
0.05 0.5 0.549 ± 0.009 0.627 ± 0.049 0.656 ± 0.015 0.641 ± 0.014 0.668 ± 0.034 0.73 ± 0.025
0.05 0.7 0.548 ± 0.01 0.609 ± 0.062 0.663 ± 0.02 0.661 ± 0.016 0.716 ± 0.037 0.828 ± 0.03

0.1 0.3 0.577 ± 0.01 0.614 ± 0.035 0.639 ± 0.015 0.638 ± 0.011 0.644 ± 0.01 0.669 ± 0.012
0.1 0.5 0.579 ± 0.011 0.631 ± 0.038 0.686 ± 0.015 0.665 ± 0.015 0.772 ± 0.014 0.776 ± 0.013
0.1 0.7 0.577 ± 0.007 0.647 ± 0.081 0.697 ± 0.019 0.688 ± 0.028 0.852 ± 0.01 0.861 ± 0.004

0.2 0.3 0.629 ± 0.01 0.679 ± 0.081 0.663 ± 0.008 0.648 ± 0.01 0.698 ± 0.017 0.708 ± 0.007
0.2 0.5 0.63 ± 0.011 0.684 ± 0.045 0.683 ± 0.012 0.691 ± 0.019 0.811 ± 0.013 0.797 ± 0.013
0.2 0.7 0.631 ± 0.009 0.714 ± 0.065 0.727 ± 0.028 0.707 ± 0.012 0.874 ± 0.006 0.87 ± 0.004

Table 3. Approximation Error for MIMIC case study, for the conditioning variable: age. Predicted disease: DIABETES. The method with the smallest
approximation error is in red and the second best in blue. Logistic regression is used as a base classifier.

a k NAIVE ExTRA [18] BBSC [16] MLLS [26] SEES [6] CPSM

0.05 0.3 0.219 ± 0.008 0.177 ± 0.061 0.126 ± 0.012 0.135 ± 0.009 0.16 ± 0.014 0.09 ± 0.014
0.05 0.5 0.29 ± 0.011 0.2 ± 0.038 0.192 ± 0.009 0.209 ± 0.009 0.158 ± 0.024 0.101 ± 0.022
0.05 0.7 0.343 ± 0.014 0.28 ± 0.064 0.25 ± 0.005 0.266 ± 0.013 0.178 ± 0.03 0.098 ± 0.031

0.1 0.3 0.174 ± 0.007 0.138 ± 0.03 0.117 ± 0.007 0.12 ± 0.003 0.082 ± 0.01 0.064 ± 0.005
0.1 0.5 0.245 ± 0.009 0.198 ± 0.038 0.179 ± 0.002 0.194 ± 0.007 0.069 ± 0.011 0.068 ± 0.008
0.1 0.7 0.295 ± 0.013 0.252 ± 0.065 0.24 ± 0.011 0.259 ± 0.011 0.072 ± 0.011 0.063 ± 0.018

0.2 0.3 0.124 ± 0.004 0.109 ± 0.061 0.107 ± 0.001 0.109 ± 0.004 0.038 ± 0.012 0.041 ± 0.007
0.2 0.5 0.201 ± 0.007 0.168 ± 0.05 0.181 ± 0.007 0.18 ± 0.005 0.047 ± 0.008 0.044 ± 0.004
0.2 0.7 0.26 ± 0.012 0.236 ± 0.037 0.235 ± 0.008 0.247 ± 0.01 0.036 ± 0.007 0.048 ± 0.011

formance when using NN as a base classifier compared to the logis-
tic model depends on the class variable considered and the parameter
setting (see Tables 1 and 3 in the supplement [33]). For example, in
the case of COPD, for a = 0.1 and k = 0.7, the Balanced Accu-
racy is 0.842 for CPSM + LOGIT and 0.752 for CPSM + NN. On
the other hand, in the case of COPD, for a = 0.2 and k = 0.3, the
Balanced Accuracy is 0.65 for CPSM + LOGIT and 0.799 for CPSM
+ NN. In general, when using NN as a base classifier, SEES usually
performs slightly better than CPSM in terms of Balanced Accuracy,
but CPSM still has the smallest approximation errors in most cases.

We also analyzed the computation times for individual methods.
Table 4 shows the times averaged over 5 runs for the MIMIC dataset.
As expected, the proposed CPSM method is significantly slower than
the MLLS method, which is also based on the EM scheme. This is
due to the fact that in CPSM, the M-step requires the estimation of
the multinomial model parameters, while in MLLS, the M-step is
straightforward and only inlolves computing prior probability by av-
eraging the posterior probabilities. Importantly, however, MLLS and
BBSC are based on the more restrictive LS scheme. CPSM is clearly
faster than its main competitor, the SEES method. The computation
times depend, of course, on the choice of the base classifier, in the
case of using NN they are significantly higher than in the case of the
logistic model.

Table 4. Computation times [sec] for the considered methods in the case
of MIMIC data and two base classifiers: logistic regression (LR) and neural

network (NN). The results are averaged over 5 runs.

Clf ExTRA BBSC MLLS SEES CPSM

LR 28.501 0.142 0.123 428.818 91.416
NN 182.979 235.506 158.56 645.358 248.322

5 Conclusions

In this work, we consider the practically important case of distri-
bution shift between the source and target datasets, such that the
conditional distribution of the class variable, given selected features,
changes. The proposed CPSM method is based on modeling the con-
ditional distributions using multinomial regression. We show that es-
timation of the multinomial regression parameters for the target data
is feasible using the EM algorithm. This leads to an algorithm for
estimating the posterior distribution for the target data.

Experiments, conducted on artificial and medical data, show that,
in the considered cases, CPSM is superior with respect to the bal-
anced classification accuracy and approximation errors when com-
pared to methods based on the LS and SJS assumptions (BBSC,
MLLS and SEES). In particular, CPSM performs consistently better
in the case when the source and target conditional distributions dif-
fer, while the priors remain unchanged. The advantage of CPSM over
competing methods is significant, regardless of the sample size and
the prior probability of the class variable in the source data. Finally,
CPSM is also computationally faster than the competing method
SEES, which is also based on the SJS assumption. CPSM is slower
than ExTRA, but it achieves consistently larger accuracy.

Several problems of interest for future research can be identified. It
would be valuable to test whether the shift in the conditional distribu-
tions is statistically significant, e.g. by testing whether the parameters
of the multinomial model for the source and target data differ. More-
over, as in the present work we have shown the advantage of (1) for
inference, it is of interest to identify a set of conditioning variables
z for which it holds, based on data. It is also desirable to investi-
gate in depth whether the procedures considered are robust to small
violations of assumption (1) (see Appendix for partial results).
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