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Abstrace In the paper a new rank approach to s~ve the nonparametric discriminant problem is 
presented. The method ~ based on comparison of kernel denfiff est imato~ constructed for 
samples of rank~ The proposed bandwidth choice is motNated by an asymptotic representat~n 
for a kernd  density estimator in this case. The investigated approach ~ compared with Rank 
Linear Discfiminant Function (RLDF) and Rank Quadratic Discfiminant Function (RQDF) 
method~ It is ind~ated that the RLDF and RQDF methods have larger mean probability of error 
than the proposed methods when norm~ity assumpt~ns are ~olate& 
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1. Introduction 

In the paper we confider an approach to nonparametric discfiminant problem 
when a discriminant fun~ion depends only on ranks of observations in a pooled 
~ n i n g  sample. The use of such methods was advocated by sever~ authors, e.g. 
Randles at ~.  (1978), Conover and Iman (1980) and Broffi~ (1982). One of the 
main advantages of u~ng such methods is their invariance with respe~ to 
increa~ng ~ansformation of u n d e r l i n g  di~ribufions. For a discfiminant prob- 
lem, k means that when u n d e r l i n g  probabili~ measures P~ Pf are trans- 
formed measures of P1, Pz for some increasing ~ansformafion T, p r o p e ~ s  of 
rank discfiminant method for the pak  (P~ Pf) are the same as for the pair (P1, 
P2)- It follows that when P1, P2 are known but T is unknown, prope~ies of a 
rank discriminant method may be ev~uated  (e.g. u~ng computer  intensNe 
me thod~  for the p ~ r  (P1, P2) on~.  Moreover, robustness to outliers is fisted as 
the advantage of rank methods in discrimination. The use of the Rank Linear 
D~cfiminant  Fun~ ion  (RLDF) and Rank Quadra t~  D~cfiminant  Fun~ion  
(RQDF) was proposed by Conover and Iman (1980); for the renew of this 
approach see Broffi~ (1982). 

Further  development of this methodology was hindered by the fact that, due 
to de pe ndences  between rank~ theoretical p r o p e ~ s  of d a ~  discriminant 
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fun~ions appfied to rank d~ta were unknown. Thus, a sound appficafion of 
these fun~ions was, in fad, impossible. This in p a ~ u ~ r  apples to empirical 
Bayes ru~s based on estimation of den~tie~ since the problem of choosing an 
appropriate smoothing parameter is e~enf i~  for the performance of such rules 
(see Hand (1982) for the renew of such method~. 

In the papeL we state (Section 3) an asymptot~ representation for a kernel 
estimator of a den~ty based on ranks. The result suggests that the mean 
integrated squared error of kernel estimator in the con~dered case differs ~om 
that obtained for an i.i.d, sample and intimates that d~ect application of 
bandwidth choice procedures developed for the i.i.d, case is not methodolo~- 
c ~  v~id. MoreoveL the resuR ~elds (Section 4) some t h e o r e t ~  justification 
for co~e~ed  bandwidth choice for nonparametric rank discrimination based on 
kernel estimation of den~tie~ Performance of a resuRing discriminant rule is 
investigated in Section 5 for various p ~  of un~afiate d~tribufion fun~ions 
(F~, F 2) and compared with performance of RLDF and RQDF. We show that in 
sever~ ~tuations, when norm~ity assumption is ~olated, the proposed methods 
~eld s m e a r  mean probabifity of error than RLDF and RQDF. On the other 
hand, RLDF and RQDF exhib~ g e n e r ~  s m e a r  variability than the intro- 
duced methods. 

It should be stressed that the discussed method is of rimmed appficabifity 
since k covers only the one d imen~on~ case. HoweveL ~ could be app~ed in 
~tuations when the o r i~n~  muR~ariate data is ~ansformed to one dimension 
(by some 'opt ima'  ~ansformation) and discfiminant problem has to be solved 
using the resulting data. 

2. Definitions 

Let F 1 and F 2 be univariate di~ribution functions and fl ,  f2 corresponding 
den~ties with respe~ to Lebesgue measure on ~1. A~ume that F 1, F 2 describe 
the d ~ u t i o n  of some quantity in two populations. Let Z be a random 
variable with d~tfibution ~F1 + (1 - ~ ) F  2, where 1 > ~ > 0 and ~ is known. 
Bayes discriminant rule das~fying Z to the first (1) or to the second (2) 
population is defined as 

~ & , & ) ( Z ) =  { ; :  i~therwise~ . f l ( Z ) > ( l - ~ ) f 2 ( Z ) ;  (2.1) 

(cf e.g. Devroye and Gy6rfi (1985), Chapter 10). 
Denote by X1, . . . ,  X m, Y I , . . . ,  Yn two independent i.i.d, samples p e ~ n i n g  to 

F 1 and F 2, respe~Nely, and by Rl i (R  ~)  the ranks of Xi(~) in the pooled 
sample X~, . . . ,  X m, Y~,...,  Yn: 

hi ,  = #{k:  x,} + #{k:  X,}, 

= + 
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We assume that m and n = n ( m )  are d e m r m i ~  sample s~es such that 
m/(m + n(m)) tends to ~ when m -o ~. We seek an empiricN analogue f of I 
based on ranks Rli, Rz~ and the rank of Z in the poo~d  sample. To th~ end 
put H(x) = ~Fl(x) + (1 - ~)Fz(x)  and observe t h ~  

~ ,  ~ ( Z )  = ~F(, Fff)( H ( Z ) ) ,  (2.2) 

where ~ i =  1, 2 denoms the ~ r ~ u t ~ n  f u n ~ n  of H(XI) and H(Y~), 
r e s p e ~ e ~ .  Let ~ (i = 1, ~ denote the dens~y of ~ n ( i  = 1, 2) with respe~ to 
Lebesgue measure; observe that the den~fies e ~  and ~f~(x) + (1 - ~)fz(X- ) = 
1. Moreover, put Fam(Fz~) for the empificN ~ f i b u t ~ n  f u n ~ n  based on the 
first (the second) sample. The equNi~ (2.2) ~elds in a natural way a desired 
• scfiminant rule based on ranks 

[= { 1~ i~therwise~ ) > (1 -~)f2(HN(Z)" ); (2.3) 

~ ~ 

where HN(X)_= (m/N)Flm(X)+ (n/N)Fz,(XL N=m +n and f l (f2)  is some 
esf im~or  of f~ (f2) based on ~a~, . . . ,  Rim ( R 2 1 , . . .  , R2n). In what fo~ows we 
con~der  a kernel esf im~or  of f l  of the fol~wing form 

) 1 
• 

and f~ N defined anNogous~, with { H ~ ( ~ ) } ~  repNdng  {H~(X/)}~= v In the 
above definition, K is an arbRrary p r o b a N ~  d e n ~  f u n ~ n  (kernel) and 
b = b~ > 0 N a smooth~g  p a r a m ~ e ~  p o ~  depenNng on the u n d e r l i n g  
samp~.  Observe that H~(X i) is equal to R~i/N. Note also that (2.~ is the 
orNnary kern~  esf im~or  with mo~ficafion near boundaNes (cf e.g. Schuster 
(1985)) constructed for the samNe {H~(X~. For the other m ~ h o d s  to d e n  with 
boundary effects in case of the denN~ e s f i m ~ n  see e.g. Gasser et N. (1985) 
and DigNe and Marron (1988). Es t im~or  (2.4) was introduced in Behnen et N. 
(1983) as a tool to construct asymptot~N~ opfimN rank statistic for two-samNe 
problem. In their paper uniform strong consistency of (2.4) is proved. 

More natural N ~ r n ~ N e  to the deNs~n  rule (2.3) is the fo~owing rule 

(2.5t 
2, otherwise, 

wh~h  uses the known r e l ~ n s h ~  between ~ and f~. This d e d ~ o n  rule 
invoNes ~he c N c u l ~ n  of one bandwidth onN in con~ast  ~o two bandwidths 
requ~ed by (2.3). However, the rule (2.5) is not symmetric with respect to the 
orde~ng of the ~ a r n ~ g  samNes i.e. the order in which samples are conNdered 
influences the outcome of the rule. Moreover, the rule ~a is based on the 
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~^e~tionship between f l  and f2 wh~h is satisfied on~  approximate~ by f l  and 
f2. Simulation experiments for parametric mod~s  discussed in Section 4 has 
shown that in most cases the mean probabifity of error for ~ lies inbetween the 
mean probabifity of error of ~z and that of its an~ogue  [2a for wh~h the 
samples X~,..., X m and Y1,... ,  Y~ are interchanged. That is why we focus on 
performance of the rule (2.3) in the paper. 

3. An a~mp~f ic  ~ p ~ n ~ f i o n  

In T h e o ~ m  3.1 be~w, we prove an ~ y m p t o t ~  expans~n ~ r  ~ .  Ca~u~t ion  of 
the mean ~ e d  squared error of ~s m ~ n  pa~  ~ads  to a propos~ of 
d ~ a ~ e d  bandwi~hs  ~ be used ~ practical discf imina~ p ro te ins .  Let 
~ m :  = m / ( m  + n(m~. 

T h r u m  3.1 A~ume ~at ~ mtisfies L i p s c ~  con~t~n ~ ~e neighbou~ood 
of x mch ~at 0 < x < 1. L~  K ~ compactly supported, t ~  differentiable kemd 
~th a bounded second d e ~ v a ~  on ~1 and I~m--~1  =o(m-l~). Then de  
followirg repres~mtion holds 

~(X)-mblmi~=lg(X-H(Xib)m )--~L(X){m-~mi~=lg(X-g(Xib)m )-1} 

- (1 -~)L(x ) (~mi~ lK(X-~- -~(~) ) - l }  +'((mbm) -~/2) 

(3.1) 

pmvided ~at b m ~ a de~rm~t ic  sequence such ~at b m ~ 0 and mb~ ~ ~. 

Theorem 3.1 is proved in the A p p e n d s .  

Remark 1 The sroz,_oothness assumptions for the kernel K are crucial for the 
basic expan~on of f l  used in the proof to hold true. Thus the Theorem 3.1 in i~ 
present form does not cover the case of a uniform kernel. 

C o r ~ h ~  1 Under assumptions of Theorem 3.1 

(mbm)'~( ~ ( x )  -b=l  f K ( ( x -  y)/~)dF1H-l(y)) 
as), 

whe~A(~,  x) =x(1 + (1 - 3~)x  + ~ ( 2 ~  - 1)x a) forx ~ ~ .  



Z ~w~ and Jan Mielniczuk / Nonparam~ric rank discrimination method 63 

Proof Note that the sum of the first and the second term in (3.1) is indepen- 
dent of the third term. Moreover, they are asymptot~al~ no rm~  with asymp- 
totic variances 

( 1 - ~ f i ( x ) ) 2 f l ( x ) f K 2 / m b m  and ( 1 - ~ ) 2 f ~ ( x l a f ~ ( x l f K 2 / m b m ,  

r e spe~Ne~  (see e.g. Parzen (1962)). From this and the fact that ~f i (x)  + (1 - 
~)f2(x)  = 1 CorolNry directD follows. 

Remark 2 Note that for ~ = 1 /2  A(~, x) simplifies to x(1 - x / 2 ) .  

Put ~ ( x ) = f i B ( x ) .  

Corollary 2 Under assumptions of Theorem 3.1 

t t 
as), 

provided that 0 < H( x ) < 1. 

Proof T~f  proof follows from the fact that an anNogous representation to (3.1) 
holds for fIHN(X); the only difference is that x on the RHS of (3.1) is replaced 
by I-I(x). 

Remark 3 Observe that 

~ ( x / = L ( x t / ( ~ L ( x l  + (1 - ~ l f~(x~) .  

Thus, in the Ntuation when F~ is absolute~ continuous w.~C F I, an estimator of 
the den~ty ratio r(s) =f~(s)/f~(s) can be constructed as 

~(X) = r ( f l H n ( X ) ) ,  

where T(x) = (1 - ~ ) - l ( x - 1  - ~ )  for x > 0. Using the deka rule and Corollary 
2 R is easy to see that ~(x) is asymptoficN~ normN with asymptotic variance 

(1- ~)-:~-4(x)~(~, ~(x~) f~: ~ 

= (r~(x) + ~r(x)  + (1 - ~ ) r ¾ x ) ) f g ~ / m ~ .  

This result may be compared with the anMogous p rope r~  for the estimator of 
denNty ratio in~oduced in ~wik and M~ln~zuk  (1989). They proved that the 
considered es~mate is asymptotically normN with asymptot~ variance (r(x) + 
r~x~ fK~/mb .  Thus the ratio of asymptot~ variances is smN~r  or larger than 1 
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depending on whether  r(x) is smaller or larger than 1. ~ should be noted 
however that there is a difference in biases between the two estimates. 

4. Cho~e cf the smoothing parameter 

We propose a method of choofing the bandwidth b for estimate ~1 of density f l  
of the ~ansformed random variab~ H(X1). The approach is based on t ~  
cMculation of the mean integrated squared error for the appro~mat ion to f~ 
g~en in (3.1). Thus the bandwidth cho~e corresponds to minimization of the 
global criterion for the performance of the density estimat~ whereas our mMn 
concern is minim~ation of some m~das~ficaf ion probab~ity measure (the mean 
probabi~ty of error in case of rule (2.1)). The last problem being in t ra~ab~,  we 
consider the proposed methodology as a ~rst step in the discrimination contexL 

A ~ u m e  that f l  is tw~e differentiab~ on ~1 and K is symmetri~ Then the 
mean integrated squared error for three terms on the RHS of (3.1) ~ equ~  to 

÷ 

+ o(b~) + o( (mbm)- l ) ,  (4.1) 

where R(g)= fg2 and S(g)= fg3 for arb~rary reN r u n . i o n  g. A ~ u m e  ~om 
now on that ~ = 1/2.  Then, provided that R(f~') ¢ 0, a bandwidth b minimizing 
the two main terms in (4.1) is equal to 

1/5 

bopt = (1-R(f~)/2)R(K) m -1~ .  (4.2) 

In numericN experiments r e p o s e d  here two esfimato~ of bo~ t are used as 
data-dependent  bandwidths for the ke rnd  estimate of f l .  From now on K 
denotes the standard normM kernel. 

Bandwidth blc. 
This is a modified version of the bandwidth proposed by Silverman (1986) for 
the fituation when an i.i.d, sample pe~Mning to f l  is avMhbM and is obtMned 
assuming that fil is Gausfian with mean a and variance ~2. Then the following 
equalities hold 

R(fil) = (2X/-~ ~)  -1, R(fi~') = 3(8x/~-~ ~5) -1, 

and thus in the modal 

bopt={~(1-(4~l~ff)-l))l/Sffm -1/5, (4.3) 
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whereas the of i~n~ bandwidth ~oot ~ o d u c e d  by Silverman is equ~ to 

~ / 3 ) ' / 5 ~ m  - ' '  (4.4) 

D ~ b ~ e d  anMogue b I of ~opt is obtNned by p~gg~g some ~f im~or  cf ~ in 
(4.4). The ~f im~or  ~ =  m i N s  m, A/1.349), where s m denotes the emNficN 
gandard de~afion and A N the im~quart i~ range, is used. We define the 
emNficN cou~erpa~ of bop t by 

bl~ = { ! i (1  - (47~-~ ~ ) -  x ) } l ~ m -  ~ '  ~herwiseif. 4 ~ >  1; (4.5) 

BandwM~ b2~. 
TNs is a mod~cat~n of the Sheathe~Jones m~hod of bandwi&h cho~e. The 
proposed m~hod conNgs ~ seeNng the sNufion to the e q u ~ n  (cf equation 
(2.~ in Sheather and Jones (1991)) 

{fz~K(z)dz)~(a~(bR )) (K)(1-~(~)/2) } l'm-l/5-b=O, 
wh~e ~ ( ~ )  and go(ag b~ a ~  c e ~ n  k~nel ~ f i m ~ o ~  ef R(~)  and R(f~'), 
the laRer us~g bandwi&h a ~ b ) .  A ~rm of the ~ncfion a2(b) ~ r  c o m p ~  
o b ~ a b i l i W  case was used. For det~h we rea r  to Sheather and Jones (1991). 
T~s Wpe of bandwidth ~ p~rticular~ useful ~ case of mMfimod~ den~fies. 
The bandwidth ~ r  ~ m ~ e  f2 of den~W f2 of ~ e  ~ans~rmed random va6a~e 
H(Y 1) is chosen a n ~ o g o u ~  

5. Nume~c~ expe~men~ 

The ~ H ~ g  s~ m~hods were con~dered: 
~ DF; 
~ RDF1; 
~ RDF2; 
~ R ~ F ;  
e) RQDF; 
D LDF. 
M~hod RDF1 (rank den~W ~ncfion 1) ~ the rank m~hod ~ o d u c e d  ~ the 
paper when the corrected S ~ m ~ ' s  b ~ h  blc defined ~ (4.5) is used ~ r  
both ~ a ~ r m e d  ~mp~s.  RDF2 ~ defined an~ogous~ ~ t h  the b ~ d ~ h  blc 
~ a c e d  ~ the corrected Sheatherqones ~ n d ~ h  b2~. RLDF is a m~hod 
based on Unear D~cfim~am Func~on (LD~ applied to the samp~s 
~ ( ~ ) , . . . , ~ ( ~ )  and ~ ( ~ ) , . . . , ~ ( ~ ) ;  RQDF is a rank an~ogue of 



66 Z ~w~ and Jan MieMiczuk / Nonpammetric rank discdmination me~od 

Quadratic D~cfim~ant  Function (cf e.g. Conover and Iman (1980)). Den~ty 
function (DF) m~hod  is an em~f ic~  Bayes rule defined as fo~ows 

~ Z )  = ( ; :  ffotherw~e, ~ ( Z ) > ( I - ~ ) f 2 ( Z ) ;  

where ~ is the kernel esfim~e of the den~ty f u n ~ n  ~ based on X1,. . . ,  X m 
and with the Si~ermaffs bandwidth b~ defined in Section 4. Estim~e f2 is 
defined ana~gous~ for the samp~ Y1,...,Y~. The ~m of con~defing DF and 
LDF tog~her with the rank m~hods b) - e) is to measure the impa~ of 
~formafion ~ss due to rep~ong  o f i~n~  samp~s by the~ ranks in the cons~- 
ered ~ f i m ~ a n t  proNems. 

Pammaric models. 
In all examples, F 1 is the di~fibufion function of the standard normM d~tfibu- 
tion. The following di~fibution fun~ions F 2 were con~dered: 

D N(0.5, ~), for ~ = 0.2, 0.3,. . . ,  1.0; 
ID N(~, 1), for ~ = 0.5, 0.6,. . . ,  1.5; 

l i d  C(p), for p = 0, 0.1,. . . ,  1, where C(p) denotes Cauchy di~ribution with 
location parameter equM to p; 

IV) a) ~N(0, 1) + ½N(0, (~)2); 
b) ½N(- {, (½)2) + ½N(~, (½)2); 
~ ¼N(0, i) + ¼N(~, (½)2). 

The corresponding den~ties for the exampMs in IV) are shown in Figure I. 
They are called kurtotic unimodal, separated bimodM and skewed bimodM 
density in Marron and Wand (1992) (exampMs No. 4, No. 7, No. 8). 

For each modal 50 samples pe~Mning to F 1 and F 2 are generated for 
m = n = 25 and 50, except for modal IID in wh~h case on~ n = 50 ~ used. For 

1.6 

A 

-3 0 3 

~g. 1. ~ot  of the denotes of the follow~g d~ t f i b~ns :  ~ ~ D + ½ ~ 0 . 1 2 ~  B. 
½ ~ -  1~ 0.5~+ ½~1~ ~52~ C. ~ 1)+ ¼ ~ 1 ~  ~ D. ~ 1). 
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0"l I n = 25 0"1 1 n = 50 

.2 .4 .6 .8 1. .2 .4 .6 .8 1. 

Fig. 2. Empirical MPE minus Bayes probability of error for six discriminant rules in the case of 
N(0.5, ¢) ,  ~ = 0.2, 0.3 . . . . .  1.0, sample size n = 25, 50. 

each sam~e  sk  ~ r i m ~ a n t  r~es  a) - D a~e conmru~ed. P e r t ~ n ~ g  condR~n~  
proba~lities of e~or  are c ~ c ~ e d  us~g 10,000 e~ments  gener~ed ~om F 1 
and F 2. A priori p r o b a b ~  ~ is equ~  to 0.5 in all the exam~es. In Figures 2 - 
6 and Tab~s  the means and variances of the under l ing  ~ o g r a m s  are d~- 
played (in the figure~ Bayes probabili~ of error ~ subtracted ~om the mean 
probabilities of erroD. In the follow~g paragraphs (D to (IV) correspond to 
mode~ (D to (IV). 
(D For n = 50 and small ~, R Q D F  performs wo~e  than RDF1 and RDF2; 
poor performance of R Q D F  ~ such a sRuafion parallds that of QDF. LDF 
performs ~ h f l y  be~er  than RLDF but worse than RQDF.  RDF1 and RDF2 
perform ~milad~ DF m~hod  performs b ~ r  than RDF1 for ~ between 0.2 
~nd 0.7 ~nd wo~e  lh~n RDF1 for ~ equ~  to 0.9 and 1.0. R e s ~  for n = 25 are 
fim~ar to those for n = 50, when the mean p r o b a b ~  of error (MPE) is 
concerned; variance ~ a p p r o ~ m ~ e ~  two times larger than for n = 50. 
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0"~ l n = 25 0.05 n = 5 0 ~  ° RDFD 1F 

: ~ RDF2 

~ ~ RLDF 

~ ~ RQDF 

~ ~ LDF 

I I I I I I I ~ 

.2 .4 .6 .8 1. .2 .4 .6 .8 1. 

Ng. 3. Empirical variance of MPE ~r sN N~fim~ant rMes ~ the case of N(0.5, ~X ~ ~ 0.~ 
0.3 . . . . .  1.~ ~mNe Nze n ~ 25, 50. 

(II) Performance cf  RLDF ~ superior to all the rem~ning m~hods  but LDF 
and very ~mflar to that of LDF. This ~ unde~tandab~  in flew of ~ s c u ~ n  in 
Conover and Iman (1980) who ~ d ~ a t e d  that RLDF is o ~ y  ~ h t ~  w o r e  than 
LDF ~ t~s  modal. For ~ rang~g from 0.5 to 1 both RDFs perform better than 
DF. 
(IID MPE for both RLDF and R Q D F  is larger than that of both RDFs. 
Performance of RLDF ~ disa~rous for p = 0 and approaches that of R Q D F  for 
larger p. Observe howeveL th ~  RLDF ~g~f icant~  improves over LDF. It is ~f 
inmre~ to note t he ,  in the case of p = 0 and n = 50, Hall and Wand (198~ 
obt~ned MPE = 0.3899 for em~r i c~  Bayes rule u~ng s p e d ~  de igned  cros~ 
v ~ i d ~ n  bandwidt~ whereas the con~dered m~hods  ~eld the following 
v~ues of MPE: 0.4102 (DF), 0.4311 ( R D F ~ ,  0.4325 (RDF1), 0.4468 (RQDF),  
0.4918 (LDF), 0.4990 (RLDF). 
(IV) MPE for both RDFs ~ smaller than that of other m~hods  in the case of 
modds  ( ~  and (b) and ~ fl~htly worse than that of DF. Of s p e ~  interest ~ 
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0 . 0 3  0 . 0 3  

n = 5 0  

D F  

o o R D F 1  

* : R D F 2  

~ R L D F  

~ R Q D F  

~ ~ L D F  

.5 .7 .9 1.1 1.3 1.5 .5 .7 .9 1.1 1.3 1.5 

Fig. 4. Empi r i ca l  M P E  minus  Bayes  probabiHty  o f  e r r o r  for  six d i sc r iminan t  ru les  in t he  case  o f  
N(p~, 1~ /x  = 0.5, 0.6 . . . . .  1.5, s a m p l e  size n = 25, 50. 

~tuafion (b) when both RDFs are better than DF. This is due to poor 
performance of Silverman's bandwidth for kernel estimate in case of d e n o t e s  
with deaf ly  separated modes. 

In model (ID the Linear Discriminant Function is a direct empir ic~ counter- 
part of the optimal Bayes rule (with on~  means estimated from the sample~. 
The analogous ~a tement  ~ true for QDF in case of model (I). Rank counter- 
parts RLDF and R Q D F  perform simflari~ and that is the main reason of 
superior performance of RLDF and R Q D F  to other rank methods in these 
models (apa~ from the ~tuation for sm~l  g in model (I). Rank den~ty function 
approach produces slight~ worse MPE for fami~ (I) and (II) but exhib~s much 
greater variability. 

In the con~dered examples when F 2 is not normS,  performance of RLDF 
and R Q D F  ~ not sat~factory and thek  MPE ~ sub~ant ia l~ larger than that of 
rank density functions. On the other hand, gener~  performance of DF is only 
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F ig .  5. E m N r c N  v a r i a n c e  o f  M P E  f o r  s N  d i s c r m ~ a n t  r M e s  ~ t h e  c a s e  o f  N ( N ,  lX  ~ = 0.5,  

• ~ .... 1.5, samNe Nze n = 25, 5~ 

slightly bet ter  than that of  both RDFs;  in some examples D F  performs worse. 
The use of  L D F  and Q D F  ~ advocated when prior knowledge of  app ro~mate  
norm~i ty  of underlying d~tf ibufions ~ av~ lab~ .  These rules should be replaced 
by R L D F  and R Q D F  ff we want to r e ~  on rank data on~.  When  ~gnificant 
depa~ures  from normality are expected, the rank discfiminant function rule 
(2.3) provides a reasonable ~ te rna tNe  to them among rank methods.  

Appendix 

Proof  of Theorem 3.1. Observe that ~nce  b m - - )  0, K has a compact  support  
and 0 < x < 1, o n ~  the first summand in (2.4) is nonzero for su f f iden t~  large m. 
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Ng. 6. E m N N c N  M P E  m ~ u s  B ~ e s  p r o b a N ~  of error  and emNNcN vaNance of M P E  ~ r  sN 
• ~ f i ~ m  m ~  ~ the case of ~ p X  p ~ ~ .1, . . . ,  1, s amp~  ~ze n = 50. 

Con~der the three terms T@or decompoNfion of ~ 

1 ~ 
+ - - ~  ~=E~"(a~)~g(~ = ~ + h + ~, 

where ~ ( x )  = H ~ ( x ) - ~ x )  and ~ ~es ~ e e n  (x -H~(~/~  and 
( x -  ~ / ~ .  It su~ces to show that 

~=%((mb~)-~/~), and (A.1) 

~ _ ~(x~m f~(~ - ~ ( ~  ~e¢~(~ ÷ ~((m~_~) .  (A.~ 
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TaMe 1 
E m N f i c N  M P E  for sN discf iminant  rules ~ the  case of m o d d s  IV.a, IV.b and  IV.~  samNe  ~ze  
n = 25, 50 

D F  RDF1  R D F 2  L D F  R L D F  R Q D F  

( ~  n = 25 0.4247 0A211 0.4204 0.4834 0.4929 0.4614 
n = 50 0.4118 0.3960 0.3943 0.4913 0.4948 0.4575 

(b) n = 25 0.2832 0.2580 0.2562 0.4890 0.4879 0.3773 
n = 50 0.2577 0.2454 0.2458 0.4932 0.4795 0.3684 

(c) n = 25 0.4244 0.4244 0.4238 0A325 0.4284 0.4207 
n = 50 0.4169 0.4173 0.4178 0A269 0.4270 0.4164 

The theorem follows from the above equMities after noting that ~ diffe~ from 
the sum of the second and the third term on the fighthand Nde of (3.1) by 
o(m -1/2) in ~ew of the condition on ~m" In order to prove equMity (A.1) 
observe fir~ that a number of such i that K"(~ i) ~ 0 is O(mb m) a.s.. To prove 
thN ~atement note that K"(~ i )¢O impl~s [X--HN(Xi)[ ~ Ab  m or [ x -  
H(Xi)[ NAbm, where s u p p K c [ - A ,  A]. UNng Dvore~ky, Kiefe~ Wolfowitz 
inequality and the condRion mb~ ~ ~ ~ ~ easy to see that the first condRion 
impfies [ x - H(Xi)[ ~ (A + 1)b m a.s. Since the number of X/ satNfying this 
inequafity N O(mb m) a.s., the a~erfion N proved. UNng now boundedne~ of K" 

a--n~p~r~A~t- ~)2~ t pro~deS d upx [ CN(xt )hal ~ n ~ ( ~  ~ / ~ ? ~ a ~ i l ~ 2 t ~  terOP(m(mb~)-lll). We 

prove that 

E( ~ - ~ lZ = o((mb~)-  a), (A.3) 

where ~ = -b~ZfK '~x-H(s~ /b~)~N(S)  dF~(s). Observe that (~ _~)2 ~ 
equal to 

It is easy to see that the expe~ation of those summands in the first sum of (A.4) 
for which i =]  N O((m~b~) -1) = o~mb~) -1) provided mb~ ~ ~. Moreover, the 
expe~ation of the remNning summands in the sum N equM to 
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Ta~e 2 
Variances of MPE ~r s~ ~ r i m ~ a n t  ru~s ~ the case of modds IV.~ IV.b and IV.c, sam~e ~ze 
n = 25, 50 

DF RDF1 RDF2 LDF RLDF RQDF 

(~ n = 25 0.0339 0.0372 0.0387 0.0438 0.0330 0.0278 
n = 50 0.0183 0.0182 0.0180 0.0358 0.0259 0.0110 

~) n = 25 0.0384 0.0235 0.0229 0.0353 0.0603 0.0348 
n = 50 0.0165 0.0077 0.0122 0.0241 0.0427 0.0238 

~) n = 25 0.0222 0.0195 0.0201 0.0292 0.0107 0.0198 
n = 50 0.0144 0.0161 0.0158 0.0062 0.0091 0.0165 

where w(s, t) = E ( f l u (X i ) f l u (X j ) l  X i = s, X~ = t) =Am(s ,  t )Am(t  , s) with 
Am(s, t) = E((1 - ~m)Fz~s)  - (1 - ~)Fz(s)  + ((m - ~ / N ) F l m _  ~S) - ~FI(S) + 
N - l ( l + ~ t N s } ) )  and Flm_~t )  denoms the emNficN N~fibuf ion  f u n ~ n  
based on {Xk} with X,., X~ omRmd. F u ~ h e ~  ufing the con~f ions  on b m and ~m 
it fOHOWS that  (A.5) N equN to 

m ( n ~  1) Sn(bm) + ° (S~(bm)) ,  where 

with Bm~(s, t) = (1 - ~ )~F~( t )  ~ F~(s) - Fz( t )F~(s)) /n  + ~ ( F l ( t )  A Fl(s) - 
F~( t )F l ( s~ /m.  R e a s o n ~ g  NmiNrily for the second and the thud  term in (A .~  
we o b t a ~  

E ( ~ - ~ } ~ N  ( m ( ~ n  ~ 1) 2 +  1 )S~(bm)+  o( (mbm)- l ) .  

Since it is easy to see that S~(b~) = O ( m - l b ~ ) ,  (A.3) is proved. Note that 

where ~ ( t ) =  f l~H-~( t )  and H -~ denotes the quanfile f u n ~ n  pe~NNng  to 
dgtNbufion function H. 
F u ~ h e r  observe that  u~ng  I ~ l ( t ) - ~ l ( x ) l  = O ( b )  for I t - x l  ~ A b ,  sup~ 
I ~ s )  l = O~n -1/~) and the fact that  b - l f K ' ~ x  - t ) / b )  dt  = O(1), it is eas i~ 

shown that ~ is equN to 

Integration by parts ~elds  that the first term in (A.6) is equal to the first term in 
(A.~ .  
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